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1. Summary

According to Mizumoto® a type-2 fuzzy set (T2FS) A is characterized by a
membership function pa: X — M = Map([0, 1], [0, 1]), that is, pa(x) is a
type-1 fuzzy set in the interval [0, 1] and also the membership degree of the
element x € X in the set A. Therefore, pa(z) = f5 where f,: [0,1] — [0, 1].
We denote by T2FS(X) = Map(X,M) the set of all T2FS on a finite
Universe X.

Moreover, although some authors consider the membership degree
pa(z) of an element 2 in T2FS as any fuzzy set?, it is also possible to per-
ceive it as a label of the variable truth3. We strongly prefer the latter inter-
pretation since we consider it better aligns with the meaning of T2FS. These
labels are usually normal and convex, that is, sup{f(z) : x € [0,1]} = 1
and for any © < y < z it holds f(y) > f(x) A f(z), respectively. In this
work we only consider this type of labels.

Given these assumptions, we have that A C* B if and only if Vx € X it
holds pk(x) < ph(z) and pf(x) < pk(x), except in a set of measure zero,
where for any f € [0, 1]%1 we have fZ, f € [0,1][%! defined as follows:

fia) = sup{f(y) :y <z} and  fR(x) = sup{f(y) 1y > 2}

Inspired by Kosko’s work*, we analyze the conditions needed to define
an inclusion measure between type-1 fuzzy sets. These properties will be
required by any inclusion measure between fuzzy sets or any of its extensions



(interval-valued or type-2 fuzzy sets).

Definition 1.1. Let A and B be T2FS with membership degrees ()
and pp(x), respectively, being normal and convex functions for each « € X.
We say that a function Z: T2FS(X) x T2FS(X) — [0,1] is an inclusion
(or subsethood) measure in T2FS(X) if it satisfies the following axioms:

(Z1) Z(A,O) = 0 if A # O, being O the empty T2FS, that is, O(x) = 0 for
all z € X, where 0(0) =1 and 0(y) = 0 Vy # 0.

(Z2) Z(A,B) =1 < AC*B

(I3) If BC* C = Z(A,B) <ZI(ACQC).

(Z4) TAC*BC*C = Z(C,A) <I(B,A) and Z(C, A) <I(C, B).

(Z5) Let A° C* A. (A, A°) =0 <= A = X, being X the universal T2FS,
that is, X(z) =1 for all z € X, where 1(1) =1 and 1(y) = 0 Vy # 1.

The aim then is to find different inclusion measures in T2FS(X). Among
others, we have 7, (A, B) = 1 if A = O, elsewhere Z; (A, B) equals to

(1 — fn maX(uA(x7)L(u) pp () (y) dy + fn min(pa () (y), pp(; )R(U))d’ﬂ

= Z(lffo palzi)L(y) derfOMA z;)R ()dy)

i=1
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