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In this work we present a novel axiomatic framework for subsethood measures in type-2 fuzzy 
sets. It differs from previous approaches in two key ways. First, the degree of membership is not 
simply a fuzzy set as considered in other papers, but rather a label of the variable Truth, more in 
line with Zadeh’s original idea. Secondly, the concept of subsethood is approached in terms of its 
relationship with cardinality. Additionally, illustrative examples of such measures are provided.

1. Introduction

The definition of subsethood introduced by Zadeh in [1] is rarely rigorous, in a strict sense, in the context of fuzzy set theory. 
According to Zadeh’s definition, it may occur that a fuzzy set is not a subset of another fuzzy set just because only one membership 
degree is greater. To relax this definition Kosko introduced in [2] the degree of subsethood, or fuzzy subsethood, as a measure in fuzzy 
sets of the degree to which a fuzzy set is subset of another one. Surprisingly, Kosko realizes that the proposed measure of subset-

hood degree reduces to cardinalities. Furthermore, he is able to show that this subsethood degree measure behaves as a conditional 
probability, that is, fuzzy conditioning.

However, the aim of Kosko’s work was to introduce a new entropy measure satisfying the axiomatic properties for a nonprob-

abilistic fuzzy entropy proposed by De Luca and Termini in [3]. Hence, Kosko also proposes a fuzzy entropy measure that novelly 
reduces to fuzzy conditioning, that is, to a subsethood degree measuring.

Inspired by the Kosko’s work, Sinha and Dougherty [4] considered axiomatizing the properties of a measure of subsethood. The 
authors identified a total of up to twelve axioms (although the last three are considered additional properties) that any measure of 
fuzzy subsethood must comply with. Subsequently, Young [5] reduced the number of axioms to three, and proved that a measure 
of fuzzy subsethood that satisfies only those three axioms reduces to a fuzzy entropy measure, such as that defined by Kosko. A 
comprehensive overview of the various existing axiomatics in the literature for fuzzy subsethood measures and their interrelations 
can be found in [6,7].

Later, Vlachos and Sergiadis [8] extended the definition of degree of subsethood to interval-valued fuzzy sets. Building upon the 
work of Kosko and Young, they proposed a set of axioms that any measure of subsethood in interval-valued fuzzy sets should satisfy. 
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They proved that any fuzzy subsethood measure satisfying this set of axioms also produces an entropy, again, such as the one defined 
by Kosko.

Subsequently, several works are focused on adapting the definition of degree of subsethood to other extensions of fuzzy sets, such 
as interval type-2 fuzzy sets [9], or general type-2 fuzzy sets [10]. In this last paper, Takáč provides a method to obtain subsethood 
measures using the 𝛼-plane representation for type-2 fuzzy sets, but he stops short of proposing any subsethood measure. Other works 
focus also on the description of new methods and efficient algorithms for constructing fuzzy subsethood measures [11–13].

Zadeh highlighted (see [14,15]) that experts may encounter difficulties in determining the precise extent to which an element 
belongs to a set or verifies a property. Furthermore, it is more realistic to assume that experts express their knowledge in natural 
language, utilising expressions such as “approximately”, “about”, “almost never”, and so forth. Consequently, Zadeh identified a 
requirement to develop a novel conceptualisation of fuzzy logic or fuzzy sets, wherein the membership or truth degrees can be repre-

sented by linguistic labels, as opposed to numerical values within the range [0,1] or closed intervals within this range. Accordingly, 
Zadeh’s seminal work gave rise to the concept of type-2 fuzzy sets, which represent an extension of both fuzzy sets and interval-valued 
sets. In this approach, each membership degree is represented by a label denoting the variable ‘truth’. This concept was subsequently 
revisited and structured by Mizumoto in reference [29]. Our work is based on Zadeh’s original idea of type-2 sets.

In addition, type-2 fuzzy sets have been extensively studied during the recent years. This is evidenced by the great amount of 
works dedicated to both the theoretical framework (for example [16–20]) and the applications (see, for instance [21–26]). These 
applications can be found in many areas of artificial intelligence such as control (see [22–24]), image processing (see, for instance 
[25]) or deep learning (see [26]). It is therefore important to continue to develop models that improve reasoning and interpretation 
with these types of fuzzy sets.

The main contributions of this manuscript are as follows. On the one hand, the axiomatic definitions of cardinality and subsethood 
measures for type-2 fuzzy sets, consistent with the corresponding axioms for interval-valued fuzzy sets. Various cardinality measures 
that satisfy these axioms are given and used to define subsethood measures in a similar way to Kosko for type-1 fuzzy sets. On the 
other hand, another contribution is the treatment of membership degrees of type-2 fuzzy sets. As already mentioned, we treat type-2 
fuzzy sets as originally conceived by Zadeh and Mizumoto, where, given a universe 𝑋, the degree of membership of an element 𝑥 of 
the universe to a type-2 fuzzy set 𝐴, namely 𝜇𝐴(𝑥), is a linguistic label. However, most authors treat type-2 fuzzy sets as type-1 fuzzy 
sets over the universe 𝑋 × [0, 1], and this is not an extension of type-1 fuzzy sets, nor of interval-valued fuzzy sets. Consequently, we 
believe that type-2 fuzzy sets should be treated as originally given by Zadeh and Mizumoto. To the best of our knowledge, this is the 
first time, except for Takáč’s work, that subset measures for type-2 fuzzy sets are studied by treating membership degrees as linguistic 
labels. Moreover, as we have already pointed out, Takáč did not give any examples of subset measures for type-2 fuzzy sets.

The remainder of this paper is organized as follows. In Section 2 we introduce fuzzy sets and their extensions, we analyze several 
orders for intervals and interval-valued fuzzy sets, and define some basic operations needed throughout the paper. Section 3 contains 
a discussion about the cardinality axioms required for fuzzy sets, interval-valued fuzzy sets and type-2 fuzzy sets. Next, in Section 4

we introduce the degree of subsethood in fuzzy and interval-valued fuzzy sets and the axiomatic requirements for a fuzzy subsethood 
measure inspired by Kosko, Young and Vlachos’ works. In Section 5 we extend the definition of fuzzy subsethood to type-2 fuzzy sets, 
and propose different subsethood measures for these sets. Finally, we present our concluding remarks in Section 6.

2. Fuzzy sets and their extensions

Throughout this paper 𝑋 denotes a finite non-empty set called universe of discourse, and ≤ denotes the usual order relation (less 
than or equal to) such that the set of real numbers is a lattice with respect to this order. In this section, different extensions of fuzzy 
sets will be presented, starting with Zadeh’s definition of fuzzy set.

Definition 2.1. (Zadeh [1]) A fuzzy set (FS) or type-1 fuzzy set (T1FS), 𝐴, is characterized by a membership function 𝜇𝐴,

𝜇𝐴 ∶ 𝑋→ [0,1],

where 𝜇𝐴(𝑥) is the membership degree of an element 𝑥 ∈𝑋 in the set 𝐴.

Commonly, we refer to a fuzzy set 𝐴 using its membership function 𝜇𝐴. We denote by 𝐹𝑆(𝑋), or equivalently by [0, 1]𝑋 =
Map(𝑋, [0, 1]), the set of all (type-1) fuzzy sets on 𝑋. From the usual order ≤ in [0, 1] we define a partial order on 𝐹𝑆(𝑋) as follows: 
𝜇𝐴 ≤ 𝜇𝐵 if and only if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) for all 𝑥 ∈𝑋. Therefore, ([0, 1]𝑋, ≤) is a bounded lattice with smallest and greatest elements the 
constant functions 0 and 1, respectively, that is, 0(𝑥) = 0 and 1(𝑥) = 1 for all 𝑥 ∈𝑋. This order ensures that the membership degrees 
of an element in two arbitrary fuzzy sets, 𝐴 and 𝐵, are always comparable using the usual order in [0, 1]. This implies that one of the 
elements is equal to or greater than the other. In accordance with this, Zadeh proposed in [1] the following definition of subsethood 
in fuzzy sets.

Definition 2.2. (Zadeh [1]) A fuzzy set 𝐴 is subset of another fuzzy set 𝐵, denoted by 𝐴 ⊆𝐵, if and only if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), ∀𝑥 ∈𝑋.
2

The basic Zadeh’s operations for fuzzy sets are the following.
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Fig. 1. Orders in intervals. Top shows the interval order for the embedding relationship “𝐀 is contained in 𝐁”, while bottom shows the interval order for the subsethood 
relationship “𝐀 is lower than or equal to 𝐁”.

Definition 2.3. The union between 𝐴 and 𝐵, denoted by 𝐴 ∪𝐵, is given by

𝜇𝐴∪𝐵(𝑥) = max(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) ∀𝑥 ∈𝑋.

The intersection between 𝐴 and 𝐵, denoted by 𝐴 ∩𝐵, is given by

𝜇𝐴∩𝐵(𝑥) = min(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) ∀𝑥 ∈𝑋.

The complementary set of 𝐴, denoted by 𝐴𝑐 , is given by

𝜇𝐴𝑐 (𝑥) = 1 − 𝜇𝐴(𝑥) ∀𝑥 ∈𝑋.

Furthermore, Zadeh proposed novel extensions to the concept of fuzzy sets in his works [14,15]. One of these extensions, called 
type-2 fuzzy sets, is defined in Definition 2.10. For a comprehensive examination and motivation of the various extensions of fuzzy 
sets, we direct the reader to the article [27]. However, it is first necessary to define interval-valued fuzzy sets, which are specific cases 
of type-2 fuzzy sets. This is a consequence of the fact that some of the concepts presented here generalize terms that were previously 
established for these kinds of sets.

Definition 2.4. (Zadeh [14]) An interval-valued fuzzy set (IVFS), 𝐀, is characterized by a membership function 𝜎𝐀,

𝜎𝐀 ∶ 𝑋→ 𝐼([0,1]),

where 𝐼([0, 1]) denotes the set of all closed subintervals of the unit interval [0, 1], that is, 𝐼([0, 1]) = {[𝐿, 𝑈 ] ∶ 0 ≤𝐿 ≤𝑈 ≤ 1}.

The membership degree of an element 𝑥 ∈𝑋 in the set 𝐀 is then a closed subinterval in 𝐼([0, 1]), that is, 𝜎𝐀(𝑥) = [𝐿𝐀, 𝑈𝐀], where 
𝐿𝐀 and 𝑈𝐀 are the lower and upper membership degrees, respectively. Again, we commonly refer to an interval-valued fuzzy set 𝐀
using its membership function 𝜎𝐀. We denote by 𝐼𝑉 𝐹𝑆(𝑋), or equivalently by 𝐼([0, 1])𝑋 , the set of all interval-valued fuzzy sets on 
𝑋.

Orders considered in IVFSs are typically defined from orders on intervals. The present paper will consider only two distinct orders 
when employed to define orders for IVFSs. Let 𝐴, 𝐵 ∈ 𝐼([0, 1]) be such that 𝐴 = [𝐿𝐴, 𝑈𝐴] and 𝐵 = [𝐿𝐵, 𝑈𝐵]. We define such orders 
as follows.

Definition 2.5 (Lattice order). We say that 𝐴 is lower than or equal to 𝐵, and denoted by 𝐴 ≤𝐼 𝐵, if and only if 𝐿𝐴 ≤𝐿𝐵 and 𝑈𝐴 ≤𝑈𝐵
(see bottom of Fig. 1).

Definition 2.6 (Contained order). We say that 𝐴 is contained in 𝐵, and denoted by 𝐴 ⊆ 𝐵, if and only if 𝐿𝐵 ≤𝐿𝐴 ≤𝑈𝐴 ≤𝑈𝐵 (see top 
of Fig. 1).

Note that (𝐼([0, 1]), ≤𝐼 ) is a bounded lattice with smallest and greatest elements 0𝐼 = [0, 0] and 1𝐼 = [1, 1], respectively. However, 
(𝐼([0, 1]), ⊆) is not a lattice since there are pairs of intervals without an infimum. For instance, those intervals whose intersection is 
the empty set have no infimum since the empty set is not a closed interval.

We will now examine the role of these two interval orders in IVFSs. Let 𝐀 and 𝐁 be two IVFSs, with 𝜎𝐀 and 𝜎𝐁 denoting their 
respective membership functions. Consequently, for each 𝑥 ∈𝑋, the values 𝜎𝐀(𝑥) and 𝜎𝐁(𝑥) represent intervals. Two relations (partial 
orders) can be defined in IVFSs, derived from the previously defined contained and lattice orders. The first one is called subsethood:

Definition 2.7 (Subsethood). 𝐀 is included in (is a subset of) 𝐁, and it is denoted by 𝐀 ≤𝐼 𝐁, if and only if 𝜎𝐀(𝑥) ≤𝐼 𝜎𝐁(𝑥), ∀𝑥 ∈𝑋.

Clearly, (𝐼([0, 1])𝑋, ≤𝐼 ) is a bounded lattice with smallest and greatest elements 𝜎0𝐼 and 𝜎1𝐼 , respectively, with 𝜎0𝐼 (𝑥) = 0𝐼 = [0, 0]
3

and 𝜎1𝐼 (𝑥) = 1𝐼 = [1, 1] for all 𝑥 ∈𝑋. According the order ≤𝐼 , we can define the following widely studied operations:
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Fig. 2. Example of a T2FS.

Definition 2.8. The union between 𝐀 and 𝐁, denoted by 𝐀 ∪𝐁, is given by

(𝜎𝐀∪𝐁)(𝑥) = [max(𝐿𝐀(𝑥),𝐿𝐁(𝑥)),max(𝑈𝐀(𝑥),𝑈𝐁(𝑥))], ∀𝑥 ∈𝑋.

The intersection between 𝐀 and 𝐁, denoted by 𝐀 ∩𝐁, is given by

(𝜎𝐀∩𝐁)(𝑥) = [min(𝐿𝐀(𝑥),𝐿𝐁(𝑥)),min(𝑈𝐀(𝑥),𝑈𝐁(𝑥))], ∀𝑥 ∈𝑋.

The complementary set of 𝐀, denoted by 𝐀𝑐 , is given by

𝜎𝐀𝑐 (𝑥) = [1 −𝑈𝐀(𝑥),1 −𝐿𝐀(𝑥)], ∀𝑥 ∈𝑋.

The second order relation on IVFSs that we are going to discuss is embedding.

Definition 2.9 (Embedding). 𝐀 is embedded in 𝐁, and it is denoted by 𝐀 ⊆ 𝐁, if and only if 𝜎𝐀(𝑥) ⊆ 𝜎𝐁(𝑥), ∀𝑥 ∈𝑋.

The meaning of both order relations differs. Let 𝐀 and 𝐁 be two IVFSs. On the one hand, with the subsethood relation we can 
state that the information given by 𝐀, when 𝐀 is included in 𝐁, is less true than the information given by 𝐁. On the other hand, 
with the embedding relation we can state that the information given by 𝐀, when 𝐀 is embedded in 𝐁, is more precise about the real 
membership function than 𝐁. For a more exhaustive analysis of embedding in IVFSs see [28].

It is evident that both interpretations, the subsethood and the embedding, are applicable in IVFSs but not in fuzzy sets. We will 
focus on the subsethood concept, as it appears repeatedly in fuzzy set theory. As an example, it has been extensively used for defining 
entropy in fuzzy sets (see [2,7,5]). The concept of subsethood can be defined for type-2 fuzzy sets with a similar interpretation as 
that of IVFSs. First, let us define what a type-2 fuzzy set is.

Definition 2.10. (Mizumoto and Tanaka [29,30]) A type-2 fuzzy set (T2FS), , is characterized by a membership function

𝜇 ∶ 𝑋→ M =𝑀𝑎𝑝 ([0,1], [0,1]),

that is, 𝜇(𝑥) is a type-1 fuzzy set in the interval [0, 1] and also the membership degree of the element 𝑥 ∈𝑋 in the set . Therefore, 
𝜇(𝑥) = 𝑓𝑥 where 𝑓𝑥 ∶ [0, 1] → [0, 1].

We denote by 𝑇 2𝐹𝑆(𝑋) =𝑀𝑎𝑝(𝑋, M) the set of all type-2 fuzzy sets on 𝑋. Fig. 2 shows an example of a type-2 fuzzy set on the 
finite Universe of discourse 𝑋 = {0, 1, 2, 3, 4} and a membership function 𝜇∶ 𝑋→ M.

It should be noted that the membership degree of an element 𝑥 ∈𝑋 in T2FSs is a function 𝑓 ∈𝐌 that can be perceived as a label 
of the variable truth, as originally interpreted by Zadeh in [14,15]. Furthermore, these labels are usually normal and convex, that is, 
sup{𝑓 (𝑥) ∶ 𝑥 ∈ [0, 1]} = 1 and for any 𝑥 ≤ 𝑦 ≤ 𝑧 it holds that 𝑓 (𝑦) ≥ 𝑓 (𝑥) ∧ 𝑓 (𝑧), respectively. In this work we only consider this type 
of labels, and we denote the set of all such labels by:

 = {𝑓 ∈𝐌 ∶ 𝑓 normal and convex}. (1)

The reason to impose such restriction is that in  we are able to define an order ⊑ such that (, ⊑) is a complete lattice. In order 
to gain a deeper understanding of the structure of this lattice, it is necessary to provide some preliminary concepts and definitions. 
4

Let us begin by introducing some auxiliary functions, outlining their properties and illustrating their significance.
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Fig. 3. Example of 𝑓𝐿 and 𝑓𝑅 .

Fig. 4. Example where 𝑓 ⊑ 𝑔.

Definition 2.11. (Walker and Walker [31]) Let 𝑓 ∈ [0, 1][0,1], we define 𝑓𝐿, 𝑓𝑅 ∈ [0, 1][0,1] as follows:

𝑓𝐿(𝑥) = sup{𝑓 (𝑦) ∶ 𝑦 ≤ 𝑥}, 𝑓𝑅(𝑥) = sup{𝑓 (𝑦) ∶ 𝑦 ≥ 𝑥}.
Note that, 𝑓𝐿 and 𝑓𝑅 are monotonically increasing and decreasing, respectively. Moreover, 𝑓 ≤ 𝑓𝐿, 𝑓 ≤ 𝑓𝑅, (𝑓𝐿)𝐿 = 𝑓𝐿 and 

(𝑓𝑅)𝑅 = 𝑓𝑅, for all 𝑓 ∈𝐌, where ≤ is the usual order in the set of functions (that is, 𝑓 ≤ 𝑔 if and only if 𝑓 (𝑥) ≤ 𝑔(𝑥), ∀𝑥 ∈ [0, 1]). 
An example of both 𝑓𝐿 and 𝑓𝑅 is shown in Fig. 3. The following characterization of the partial order ⊑ on  in terms of 𝑓𝐿 and 𝑓𝑅
was given in [32] (see Fig. 4).

Theorem 2.12. (Harding et al. [32]) Let 𝑓, 𝑔 ∈ . Then, 𝑓 ⊑ 𝑔 if and only if 𝑔𝐿 ≤ 𝑓𝐿 and 𝑓𝑅 ≤ 𝑔𝑅.

For the sake of simplicity, we will utilise this characterisation as our definition. See [32,31], for more information about the 
properties and definition of this order.

The next definitions of functions in  play an important role in the subsequent discussion. Indeed, the greatest and smallest 
elements in (, ⊑) are functions satisfying Definition 2.13.

Definition 2.13. (Walker and Walker [31]) Let 𝑎 ∈𝑋. The characteristic function of 𝑎 is 𝑎̄∶ 𝑋→ [0, 1], where

𝑎̄(𝑥) =

{
1 if 𝑥 = 𝑎
0 if 𝑥 ≠ 𝑎.

Definition 2.14. (Walker and Walker [31]) Let [𝑎, 𝑏] ⊆ [0, 1]. The characteristic function of [𝑎, 𝑏] is [𝑎, 𝑏]∶ [0, 1] → [0, 1], where

[𝑎, 𝑏](𝑥) =

{
1 if 𝑥 ∈ [𝑎, 𝑏]
0 if 𝑥 ∉ [𝑎, 𝑏].

It can be checked in [32,29–31] that (, ⊑, ̄0, ̄1) is a complete lattice where 0̄ is the smallest element and 1̄ is the greatest element. 
Based on this order we have the following operations on  in terms of the minimum (∧) and the maximum (∨) of two real numbers.

Definition 2.15. ([32], [31]) Let 𝑓, 𝑔 ∈. The union operator ⊔ (extended maximum) between 𝑓 and 𝑔 is given by

(𝑓 ⊔ 𝑔)(𝑥) = sup{𝑓 (𝑦) ∧ 𝑔(𝑧) ∶ 𝑦 ∨ 𝑧 = 𝑥}.
5

The intersection operator ⊓ (extended minimum) between 𝑓 and 𝑔 is given by
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(𝑓 ⊓ 𝑔)(𝑥) = sup{𝑓 (𝑦) ∧ 𝑔(𝑧) ∶ 𝑦 ∧ 𝑧 = 𝑥}.

The complementary of 𝑓 , denoted by ¬𝑓 , is given by

(¬𝑓 )(𝑥) = sup{𝑓 (𝑦) ∶ 1 − 𝑦 = 𝑥} = 𝑓 (1 − 𝑥).

Remark 2.16. As stated in [31], for the given order ⊑ in  we have the next properties:

• 𝑓 ⊔ 𝑔 = 𝑔 if and only if 𝑓 ⊑ 𝑔,

• 𝑓 ⊓ 𝑔 = 𝑓 if and only if 𝑓 ⊑ 𝑔,

and thus:

• 𝑓 ⊓ 0 = 0 and 𝑓 ⊔ 0 = 𝑓 .

• 𝑓 ⊓ 1 = 𝑓 and 𝑓 ⊔ 1 = 1.

With the previous operators in  we can define the next operations on 𝑋 =𝑀𝑎𝑝(𝑋, ) between T2FSs.

Definition 2.17. Given ,  ∈𝑋 . The union between  and , denoted by  ⊔, is given by:

𝜇⊔(𝑥) = 𝜇(𝑥) ⊔ 𝜇(𝑥), ∀𝑥 ∈𝑋.

The intersection between  and , denoted by  ⊓, is given by:

𝜇⊓(𝑥) = 𝜇(𝑥) ⊓ 𝜇(𝑥), ∀𝑥 ∈𝑋.

The complementary set of , denoted by 𝑐 , is given by:

𝜇𝑐 (𝑥) = ¬𝜇(𝑥), ∀𝑥 ∈𝑋.

Finally note that any (type-1) fuzzy set can also be defined as an IVFSs. Clearly, any membership function 𝜇∶ 𝑋 → [0, 1] corre-

sponds to a membership function:

𝜎 ∶ 𝑋→ 𝐼([0,1])

𝑥↦ [𝜇(𝑥), 𝜇(𝑥)]

Analogously, any IVFS can also be defined as a T2FS. Indeed, any membership function 𝜎 ∶ 𝑋→ 𝐼([0, 1]) corresponds to a membership 
function:

𝜑∶ 𝑋→  ⊂𝐌

𝑥↦ 𝜎(𝑥)

Therefore, we can state that T2FS extend IVFS, and IVFS extend FS (and obviously, T2FS extend FS). Note also that for any two 
intervals [𝑎1, 𝑏1], [𝑎2, 𝑏2] we have that:

[𝑎1, 𝑏1] ≤𝐼 [𝑎2, 𝑏2] if and only if [𝑎1, 𝑏1] ⊑ [𝑎2, 𝑏2].

Hence, the order ⊑ in T2FSs is consistent with ≤𝐼 in IVFSs. This is one of the reasons why we strongly recommend the use of this 
order, despite the fact that some authors have been using the usual order in functions with two variables to compare two T2FSs 
and :

≤ if and only if 𝜇𝐴(𝑥)(𝑦) ≤ 𝜇𝐵(𝑥)(𝑦) for all 𝑥 ∈𝑋 and for all 𝑦 ∈ [0,1].

The papers [33–35] are an example. However, this order does not generalize the lattice order of IVFSs. In fact, not even the element 
that is supposed to be the smallest is lower than the one that is supposed to be the largest, since 0 ≰ 1. In addition, the aforementioned 
works cite Mizumoto and Tanaka in [29,30] as the source where this order was first defined. However, the order defined by Mizumoto 
and Tanaka is precisely ⊑ and not ≤. Thus, the operators presented in Section 5 are going to measure the subsethood degree of two 
T2FSs in relation to the order ⊑. If our goal were to define embedding measures for T2FSs, we would use the ≤ order, since it 
generalizes the concept of embedding for IVFSs. Furthermore, if  ≤ , the information given by  is more precise than that given 
by . Therefore, previous works devoted to defining subsethood measures, such as [33–36], are actually dealing with embedding 
6

measures.
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3. Cardinality of fuzzy sets, interval-valued fuzzy sets and type-2 fuzzy sets

Cardinality offers a so fuzzy response to the question of the number of elements within a given set 𝑋 that belong to a particular 
fuzzy set. It is greater the more degree of membership each element of 𝑋 has within the fuzzy set. Consequently, cardinality operators 
measure the size of fuzzy sets and provide a way to compare that size. The study of cardinality begins with the definition of the sigma-

count of fuzzy sets in [3]. This first cardinality was used to define entropy in fuzzy sets. As we will see in Section 4, various measures of 
cardinality have been employed to define subsethood measures for a number of extensions of fuzzy sets. An axiomatic approach to the 
desired characteristics of a cardinality (also referred to as scalar cardinality) can be found in [37]. This text provides a comprehensive 
overview of previous approaches and justifies the following definition.

Definition 3.1 ([37]). A function 𝑠𝑐 ∶ 𝐹𝑆(𝑋) → [0, ∞) will be called scalar cardinality of FSs if the following properties are satisfied:

1. 𝑠𝑐(1∕𝑥) = 1 for all 𝑥 ∈𝑋.

2. For all 𝑎, 𝑏 ∈ [0, 1] and 𝑥, 𝑦 ∈𝑋, if 𝑎 ≤ 𝑏 then 𝑠𝑐(𝑎∕𝑥) ≤ 𝑠𝑐(𝑏∕𝑦).
3. For all 𝐴, 𝐵 ∈ [0, 1]𝑋 , if 𝑆𝑢𝑝𝑝(𝐴) ∩ 𝑆𝑢𝑝𝑝(𝐵) = ∅ then

𝑠𝑐(𝐴 ∪𝐵) = 𝑠𝑐(𝐴) + 𝑠𝑐(𝐵).

Remark 3.2. Note that 𝑎∕𝑥 ∶𝑋→ [0, 1] is a fuzzy set such that:

(𝑎∕𝑥)(𝑦) =

{
𝑎 if 𝑦 = 𝑥,
0 if 𝑦 ≠ 𝑥

and that 𝑆𝑢𝑝𝑝(𝐴) = {𝑥 ∈𝑋 | 𝜇𝐴(𝑥) > 0}.

The following result gives a characterization for the scalar cardinality and a method to build specific examples.

Theorem 3.3 ([37]). A mapping 𝑠𝑐 ∶ 𝐹𝑆(𝑋) → [0, ∞) is a scalar cardinality of FSs if and only if there exists a monotonically increasing 
function 𝑓 ∶ [0, 1] → [0, 1] with 𝑓 (0) = 0 and 𝑓 (1) = 1 such that:

𝑠𝑐(𝐴) =
∑
𝑥∈𝑋

𝑓 (𝜇𝐴(𝑥))

for each fuzzy set 𝐴.

Example 3.4. The sigma-count |𝐴| = ∑
𝑥∈𝑋

𝜇𝐴(𝑥) of a fuzzy set 𝐴 is a scalar cardinality.

Deschrijver and Král extended the definition of scalar cardinality to IVFSs (see [38]). However, they defined them as functions 
from 𝐼𝑉 𝐹𝑆(𝑋) to 

{
[𝑎, 𝑏] ⊂ℝ+ | 0 ≤ 𝑎 ≤ 𝑏}. We think it is more suitable to use cardinalities where the image is a positive real number. 

Consequently, we prefer the next definition given by Hamrawi and Coupland in [39].

Definition 3.5 ([39]). A function 𝑠𝑐 ∶ 𝐼𝑉 𝐹𝑆(𝑋) → [0, ∞) will be called scalar cardinality of IVFSs if the following properties are 
satisfied:

1. If 𝐀 is a crisp set then 𝑠𝑐(𝐀) = |𝑆𝑢𝑝𝑝(𝐀)|.
2. Given 𝐀, 𝐁 ∈ 𝐼𝑉 𝐹𝑆(𝑋), if 𝐀 ≤𝐼 𝐁 then 𝑠𝑐(𝐀) ≤ 𝑠𝑐(𝐁).
3. For all 𝐀, 𝐁 ∈ 𝐼𝑉 𝐹𝑆(𝑋), if 𝑆𝑢𝑝𝑝(𝐀) ∩ 𝑆𝑢𝑝𝑝(𝐁) = ∅ then

𝑠𝑐(𝐀 ∪𝐁) = 𝑠𝑐(𝐀) + 𝑠𝑐(𝐁).

Remark 3.6. Note that an 𝐼𝑉 𝐹𝑆 𝐀 is called crisp if 𝜎𝐀(𝑥) ∈ {[0, 0], [1, 1]} for all 𝑥 ∈𝑋. We define the support of 𝐀 as 𝑆𝑢𝑝𝑝(𝐀) =
{𝑥 ∈𝑋 | 𝜎𝐀(𝑥) ≠ [0, 0]}.

In [8], Vlachos and Sergiadis proposed the following cardinality for an IVFS 𝐀:

|𝐀| = ∑
𝑥∈𝑋

𝐿𝐀(𝑥) +𝑈𝐀(𝑥)
2

. (2)

This represents the sum of the centroids of all intervals in the image of 𝐀, and thus the cardinality can be defined as the average 
membership degree of each interval. This definition for cardinality is consistent with all the axioms set out in Definition 3.5. However, 
7

in a more general approach, the cardinality in IVFSs may be defined using a parameter 𝛼, with 0 ≤ 𝛼 ≤ 1, as follows:
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Fig. 5. Areas under the curves 𝜇𝑅 and 𝜇𝐿 .

|𝐀|𝛼 = ∑
𝑥∈𝑋

(𝛼𝐿𝐀(𝑥) + (1 − 𝛼)𝑈𝐀(𝑥)). (3)

It is easy to check that these new operators also fulfill the conditions in Definition 3.5.

Additionally, Hamrawi and Coupland presented a set of axioms for the cardinality of general type-2 fuzzy sets. Nevertheless, 
they defined the subsethood between two type-2 fuzzy sets by making use of 𝛼-plane representations. The following set of axioms is 
presented in the context of normal and convex functions from a novel perspective.

Definition 3.7. A function 𝑠𝑐 ∶ 𝑋 → [0, ∞) will be called scalar cardinality of T2FSs if for all ,  ∈ 𝑋 , the following properties 
are satisfied:

C1. If  is a crisp set (that is 𝜇(𝑥) ∈
{
0,1

}
for all 𝑥 ∈𝑋) then

𝑠𝑐() = |𝑆𝑢𝑝𝑝()| where 𝑆𝑢𝑝𝑝() =
{
𝑥 ∈𝑋 | 𝜇(𝑥) ≠ 0

}
.

C2. If  ⊑ then 𝑠𝑐() ≤ 𝑠𝑐().
C3. If 𝑆𝑢𝑝𝑝() ∩ 𝑆𝑢𝑝𝑝() = ∅ then:

𝑠𝑐( ⊔) = 𝑠𝑐() + 𝑠𝑐().
In order to provide some cardinalities for T2FSs we propose then the following extension of membership degree in IVFSs (that is, 

an interval with lower and upper membership degrees) to a membership degree in T2FSs. Thus, while in IVFSs we use the endpoints 
of the interval [𝐿𝐀(𝑥), 𝑈𝐀(𝑥)], we proposed in [40] to modify these endpoints in order to identify the membership degree in T2FS as 
follows (see Fig. 5):

[𝐿(𝑥),𝑈(𝑥)]⟶
⎡⎢⎢⎣1 −

1

∫
0

(𝜇(𝑥))𝐿(𝑦)𝑑𝑦,
1

∫
0

(𝜇(𝑥))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦ .

In IVFSs, we defined the cardinality of a set using a convex combination of the endpoints of the intervals, which determines 
the degree to which each interval contributes to the cardinality (see expression (3)). The same approach can be applied to define 
the cardinality of a T2FSs as follows. Let  be any type-2 fuzzy set on a finite universe 𝑋 with |𝑋| =𝑁 and normal and convex 
membership degrees.

Definition 3.8. For each 𝛼 ∈ [0, 1], we define the operator | ⋅ |𝛼 ∶ 𝑋 → [0, ∞) as:

||𝛼 = 𝑁∑
𝑖=1

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

(𝜇(𝑥𝑖))𝐿(𝑦)𝑑𝑦
⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

(𝜇(𝑥𝑖))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦ . (4)

The next result proves that the previous operators are actual cardinalities.

Theorem 3.9. The operator | ⋅ |𝛼 ∶ 𝑋 → [0, ∞) given by (4) is a scalar cardinality in T2FSs.

Proof. C1. If  is a crisp set, either 𝜇(𝑥) = 0 or 𝜇(𝑥) = 1. Therefore:

𝑆𝑢𝑝𝑝() =
{
𝑥 ∈𝑋 | 𝜇(𝑥) = 1

}
.

8

Note also that:
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𝛼

⎛⎜⎜⎝1 −
1

∫
0

0
𝐿
(𝑦)𝑑𝑦

⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

0
𝑅
(𝑦)𝑑𝑦 = 0 (5)

and

𝛼

⎛⎜⎜⎝1 −
1

∫
0

1
𝐿
(𝑦)𝑑𝑦

⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

1
𝑅
(𝑦)𝑑𝑦 = 1.

Now:

||𝛼 = ∑
𝑥∈𝑆𝑢𝑝𝑝()

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

(𝜇(𝑥))𝐿(𝑦)𝑑𝑦
⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

(𝜇(𝑥))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦

+
∑

𝑥∉𝑆𝑢𝑝𝑝()

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

(𝜇(𝑥))𝐿(𝑦)𝑑𝑦
⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

(𝜇(𝑥))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦

=
∑

𝑥∈𝑆𝑢𝑝𝑝()
1 = |𝑆𝑢𝑝𝑝()| .

C2. If  ⊑ we have that (𝜇(𝑥))𝐿(𝑦) ≤ (𝜇(𝑥))𝐿(𝑦) and (𝜇(𝑥))𝑅(𝑦) ≤ (𝜇(𝑥))𝑅(𝑦) for all 𝑥 ∈𝑋 and 𝑦 ∈ [0, 1]. Therefore:

1 −

1

∫
0

(𝜇(𝑥𝑖))𝐿(𝑦)𝑑𝑦 ≤ 1 −

1

∫
0

(𝜇(𝑥𝑖))𝐿(𝑦)𝑑𝑦 and

1

∫
0

(𝜇(𝑥𝑖))𝑅(𝑦)𝑑𝑦 ≤
1

∫
0

(𝜇(𝑥𝑖))𝑅(𝑦)𝑑𝑦

Hence by expression (4), ||𝛼 ≤ ||𝛼 .

C3. If 𝑆𝑢𝑝𝑝() ∩ 𝑆𝑢𝑝𝑝() = ∅, for each 𝑥 ∈ 𝑋 there are three possibilities: 𝜇(𝑥) ≠ 0 and 𝜇(𝑥) = 0, 𝜇(𝑥) = 0 and 𝜇(𝑥) ≠ 0, or 
𝜇(𝑥) = 𝜇(𝑥) = 0. Therefore, from Remark 2.16 we have for 𝑥 ∈ 𝑆𝑢𝑝𝑝() that 𝜇(𝑥) ⊔𝜇(𝑥) = 𝜇(𝑥), for 𝑥 ∈ 𝑆𝑢𝑝𝑝() we have 
𝜇(𝑥) ⊔ 𝜇(𝑥) = 𝜇(𝑥) and for 𝑥 ∉ 𝑆𝑢𝑝𝑝() ∪ 𝑆𝑢𝑝𝑝() we have 𝜇(𝑥) ⊔ 𝜇(𝑥) = 0. Hence, by expression (5):

| ⊔|𝛼 = ∑
𝑥∈𝑆𝑢𝑝𝑝()

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

(𝜇(𝑥𝑖))𝐿(𝑦)𝑑𝑦
⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

(𝜇(𝑥𝑖))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦

+
∑

𝑥∈𝑆𝑢𝑝𝑝()

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

(𝜇(𝑥𝑖))𝐿(𝑦)𝑑𝑦
⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

(𝜇(𝑥𝑖))𝑅(𝑦)𝑑𝑦
⎤⎥⎥⎦

= ||𝛼 + ||𝛼 . □

4. Subsethood in fuzzy and interval-valued fuzzy sets

It is well known that the definition of subsethood for fuzzy sets introduced by Zadeh (see Definition 2.2 in Section 2) is too strong. 
Accordingly, it may occur that a fuzzy set 𝐴 is not a subset of another fuzzy set 𝐵 just because only one membership degree in 𝐴 is 
greater than in 𝐵, that is, 𝜇𝐴(𝑥) > 𝜇𝐵(𝑥) for a single element 𝑥 of the universe 𝑋.

Instead, Kosko introduced in [2] the degree of subsethood, or fuzzy subsethood, as a measure in fuzzy sets of the degree to which a 
fuzzy set 𝐴 is subset of another fuzzy set 𝐵. He proposes as such a measure a normalized sum of violations in the membership degree, 
that is, considering magnitude and proportion of these violations as follows.

Definition 4.1. (Kosko [2]) Let 𝐴 and 𝐵 be two fuzzy sets. The degree of subsethood to which 𝐴 is subset of 𝐵, denoted by 𝑆𝐾 (𝐴, 𝐵), 
is given by

𝑆𝐾 (𝐴,𝐵) = 1 −
∑
𝑥∈𝑋 max(0, 𝜇𝐴(𝑥) − 𝜇𝐵(𝑥))∑

𝑥∈𝑋 𝜇𝐴(𝑥)
.

Then, Kosko shows the significance of this degree of subsethood and how it is connected with probability and fuzzy entropy. First, 
9

he realizes that the degree of subsethood reduces to cardinalities, that is,
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𝑆𝐾 (𝐴,𝐵) =
|𝐴 ∩𝐵||𝐴| , (6)

where |𝐴| is the cardinality of a fuzzy set 𝐴 given by the sigma-count |𝐴| =∑
𝑥∈𝑋 𝜇𝐴(𝑥). Note that, this cardinality is considered only 

for finite universes of discourse, otherwise the cardinality is infinite. Therefore, this degree of subsethood is also considered only for 
finite universes.

Furthermore, Kosko also realizes that the degree of subsethood behaves as a conditional probability, that is, fuzzy conditioning. 
Indeed, Zadeh defined in [41] the probability of a fuzzy set 𝐴 as follows:

𝑃 (𝐴) =
∑
𝑥∈𝑋

𝜇𝐴(𝑥)𝑝(𝑥),

where 𝑝(𝑥) is a probability distribution on a finite universe set 𝑋, with |𝑋| =𝑁 . Therefore, if we assume the uniform distribution of 
elements in the universe 𝑋, that is, 𝑝(𝑥) = 1

𝑁
for all 𝑥 ∈𝑋, it holds:

𝑆𝐾 (𝐴,𝐵) =
𝑃 (𝐴 ∩𝐵)
𝑃 (𝐴)

≜ 𝑃 (𝐵|𝐴).
Finally, Kosko defines a measure of fuzzy entropy that reduces to fuzzy conditioning, that is, to a subsethood degree measure. 

He proposes as an entropy measure of a fuzzy set 𝐴, denoted by 𝐸𝐾 (𝐴), the degree to which the union set between 𝐴 and its 
complementary fuzzy set 𝐴𝑐 is a subset of the intersection set between 𝐴 and its complementary 𝐴𝑐 , that is,

𝐸𝐾 (𝐴) = 𝑆𝐾 (𝐴 ∪𝐴𝑐,𝐴 ∩𝐴𝑐). (7)

Next, he proves that this is a nonprobabilistic fuzzy entropy since it satisfies the axiomatic properties of entropy proposed by De Luca 
and Termini for fuzzy sets (see [3]).

Inspired by Kosko’s work, Young considered in [5] the following axiomatic properties for a measure of subsethood degree.

Definition 4.2. (Young [5]) Let 𝐴 and 𝐵 be two fuzzy sets. A measure of subsethood degree for fuzzy sets, denoted by 𝑆(𝐴, 𝐵), is a 
mapping 𝑆 ∶ 𝐹𝑆(𝑋) × 𝐹𝑆(𝑋) → [0, 1] that satisfies the following properties:

S1. 𝑆(𝐴, 𝐵) = 1 if and only if 𝐴 ⊆ 𝐵.

S2. If 𝑃 ⊆ 𝐴, then 𝑆(𝐴, 𝐴𝑐) = 0 if and only if 𝐴 =𝑋, being 𝜇𝑃 (𝑥) =
1
2 for all 𝑥 ∈𝑋.

S3. If 𝐵 ⊆𝐴1 ⊆𝐴2, then 𝑆(𝐴2, 𝐵) ≤ 𝑆(𝐴1, 𝐵), and if 𝐵1 ⊆ 𝐵2, then 𝑆(𝐴, 𝐵1) ≤ 𝑆(𝐴, 𝐵2).1

Later, Young proved that any measure of subsethood degree, 𝑆(𝐴, 𝐵), that satisfies these axioms provides a measure of fuzzy 
entropy according to the definition of entropy by Kosko in equation (7), that is, 𝑆(𝐴 ∪𝐴𝑐, 𝐴 ∩𝐴𝑐) is a fuzzy entropy.

Later, Vlachos and Sergiadis in [8] extended the definition of subsethood degree to IVFS. Similarly to Kosko, Vlachos and Sergiadis 
considered a normalized sum of violations in the membership degree but for the subsethood of IVFSs. They made use of the order 
and subsethood relations described in Definitions 2.5 and 2.7, respectively. Accordingly, 𝐀 is a subset of 𝐁 if and only if for the lower 
membership degrees it holds 𝐿𝐀 ≤ 𝐿𝐁 and for the upper membership degrees it holds 𝑈𝐀 ≤ 𝑈𝐁. Thus, the sum of violations in the 
lower and upper membership degrees, respectively, are given by:∑

𝑥∈𝑋
max(0,𝐿𝐀(𝑥) −𝐿𝐁(𝑥)),

∑
𝑥∈𝑋

max(0,𝑈𝐀(𝑥) −𝑈𝐁(𝑥)).

A normalization factor is then 
∑
𝑥∈𝑋 (𝐿𝐀(𝑥) +𝑈𝐀(𝑥)). Hence, a measure of subsethood degree is:

𝑆𝐼𝑉 (𝐀,𝐁) = 1 −
∑
𝑥∈𝑋

(
max(0,𝐿𝐀(𝑥) −𝐿𝐁(𝑥)) + max(0,𝑈𝐀(𝑥) −𝑈𝐁(𝑥))

)∑
𝑥∈𝑋 (𝐿𝐀(𝑥) +𝑈𝐀(𝑥))

=
∑
𝑥∈𝑋

(
min(𝐿𝐀(𝑥),𝐿𝐁(𝑥)) + min(𝑈𝐀(𝑥),𝑈𝐁(𝑥))

)∑
𝑥∈𝑋 (𝐿𝐀(𝑥) +𝑈𝐀(𝑥))

.

(8)

Vlachos included a factor of one half in both sums such that it reduces to cardinalities as given in equation (2), and therefore 
equation (6) also holds for IVFSs. Inspired by Young’s work, Vlachos also proposes a set of axiomatic properties that every fuzzy 
subsethood measure in IVFSs must satisfy.

Definition 4.3. (Vlachos and Sergiadis [8]) Let 𝐀 and 𝐁 be two interval-valued fuzzy sets. A measure of subsethood degree for IVFS, 
denoted by 𝑆(𝐀, 𝐁), is a mapping 𝑆 ∶ 𝐼𝑉 𝐹𝑆(𝑋) × 𝐼𝑉 𝐹𝑆(𝑋) → [0, 1] that satisfies the following properties:

S1. 𝑆(𝐀, 𝐁) = 1 if and only if 𝐀 ≤𝐼 𝐁.

S2. If 𝐀𝑐 ≤𝐼 𝐀, then 𝑆(𝐀, 𝐀𝑐) = 0 if and only if 𝜇𝐀(𝑥) = [1, 1], ∀𝑥 ∈𝑋.
10

1 Note that, a slightly modified version of this third axiom was later suggested by Fan, Xie and Pei [42].
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S3. If 𝐁 ≤𝐼 𝐀𝟏 ≤𝐼 𝐀𝟐, then 𝑆(𝐀𝟐, 𝐁) ≤ 𝑆(𝐀𝟏, 𝐁), and if 𝐁𝟏 ≤𝐼 𝐁𝟐, then 𝑆(𝐀, 𝐁𝟏) ≤ 𝑆(𝐀, 𝐁𝟐).

Note that, the second axiom (S2) proposed by Vlachos apparently differs from the one proposed by Young in Definition 4.2. 
However, the relation 𝑃 ⊆ 𝐴 in the sense of Zadeh (that is, for fuzzy sets) is equivalent to 𝐀𝑐 ≤𝐼 𝐀.

Again, Vlachos proves first that 𝑆𝐼𝑉 (𝐀, 𝐁) given in equation (8) is a measure of fuzzy subsethood in IVFS, and later they also 
prove that given a fuzzy subsethood measure satisfying the proposed set of axioms given in Definition 4.3, the expression 𝐸𝐾 (𝐀) =
𝑆(𝐀 ∪𝐀𝑐 , 𝐀 ∩𝐀𝑐) is then a fuzzy entropy measure.

5. Subsethood in type-2 fuzzy sets

This section is devoted to the axiomatic definition of subsethood measures in T2FSs. These new axioms generalize those previously 
discussed for FSs and IVFSs in Section 4. We also provide some important examples of functions that fulfill such axioms which is the 
main objective of this work.

Definition 5.1. A mapping 𝑆 ∶ 𝑇 2𝐹𝑆(𝑋) × 𝑇 2𝐹𝑆(𝑋) → [0, 1] is a subsethood measure in T2FS(X) if it satisfies the following prop-

erties:

S1. 𝑆(, ) = 0 if  ≠, being  the empty type-2 fuzzy set, that is, 𝜇(𝑥) = 0̄ for all 𝑥 ∈𝑋.

S2. 𝑆(, ) = 1 if and only if  ⊑.

S3. If  ⊑ , then 𝑆(, ) ≤ 𝑆(, ).
S4. If  ⊑ ⊑ , then 𝑆(, ) ≤ 𝑆(, ).
S5. Let 𝑐 ⊑. Then, 𝑆(, 𝑐) = 0 if and only if  =  , being  the universal type-2 fuzzy set, that is, 𝜇 (𝑥) = 1̄ for all 𝑥 ∈𝑋.

Remark 5.2. The properties S2-S5 where also given by Takáč [10] as the necessary conditions for an operator to be a subsethood 
measure for T2FSs. Nevertheless, as previously discussed, he employed a different definition for the subsethood of T2FSs. Moreover, 
Takác did not provide any example of any subsethood measure satisfying the axioms that he defined.

We think it is also reasonable to take into account the boundary condition in S1. This is a consequence of 0 being the smallest 
element in .

Our aim now is to define new subsethood measures in terms of cardinality with a similar perspective as Kosko, Vlachos and 
Sergiadis. To this end, we need to introduce a specific kind of cardinality which we call strict cardinality.

Definition 5.3. A function 𝑠𝑠𝑐 ∶ 𝑋 → [0, ∞) will be called strict scalar cardinality of T2FSs if it is a scalar cardinality in the sense 
of Definition 3.7 and if for all ,  ∈ 𝑋 , the following property is satisfied:

C2’. If  ⊏ then 𝑠𝑐() < 𝑠𝑐() where  ⊏ denotes that  ⊑ and  ≠.

Any strict scalar cardinality can be used to define a subsethood measure in T2FSs satisfying the fuzzy conditioning identified by 
Kosko in equation (6) as we will check in Theorem 5.5. However, we need first to introduce some preliminary properties regarding 
the meet operator ⊓ for T2FSs.

Theorem 5.4. ([32], [31]) Let 𝑓, 𝑔 ∈,

(𝑓 ⊓ 𝑔)(𝑥) = (𝑓 (𝑥) ∧ 𝑔𝑅(𝑥)) ∨ (𝑓𝑅(𝑥) ∧ 𝑔(𝑥)).

From the previous theorem and [31], we can ensure that the operator ⊓ in T2FSs also verifies the following properties:

(𝑓 ⊓ 𝑔)𝑅(𝑥) = 𝑓𝑅(𝑥) ⊓ 𝑔𝑅(𝑥) = 𝑓𝑅(𝑥) ∧ 𝑔𝑅(𝑥), (9)

(𝑓 ⊓ 𝑔)𝐿(𝑥) = 𝑓𝐿(𝑥) ⊓ 𝑔𝐿(𝑥) = 𝑓𝐿(𝑥) ∨ 𝑔𝐿(𝑥). (10)

Theorem 5.5. Let 𝑠𝑠𝑐 ∶𝑋 → [0, ∞) be a strict scalar cardinality. The operator 𝑆 ∶ 𝑋 ×𝑋 → [0, 1] such that:

𝑆(,) = 𝑠𝑠𝑐( ⊓)
𝑠𝑠𝑐()

(11)

for all  ≠ and 𝑆(, ) = 1 when  =, is a subsethood measure.
11

Proof. Let us show that all the conditions in Definition 5.1 are satisfied by equation (11):
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Fig. 6. Example of two type-2 fuzzy sets,  and  with  ⊏ and such that ||𝛼 = ||𝛼 since 𝜇 = 𝜇 except in one point.

S1. Given  ≠, since 0 ⊑ 𝜇(𝑥) for all 𝑥 ∈𝑋 we have by Remark 2.16 that 𝜇(𝑥) ⊓0 = 0 and 𝜇(𝑥) ⊔0 = 𝜇(𝑥). Hence,  ⊓ =
and  ⊔ =. Moreover, note that 𝑆𝑢𝑝𝑝() = ∅ and then applying the axiom C1 for scalar cardinality 𝑠𝑠𝑐() = |𝑆𝑢𝑝𝑝()| = 0. 
In addition, since 𝑠𝑠𝑐 is a strict scalar cardinality it is clear that 𝑠𝑠𝑐() ≠ 0. Thus:

(,) = 𝑠𝑠𝑐( ⊓)
𝑠𝑠𝑐()

= 𝑠𝑠𝑐()
𝑠𝑠𝑐()

= 0.

S2. (, ) = 1 if and only if 𝑠𝑠𝑐( ⊓) = 𝑠𝑠𝑐(). Recall that 𝑠𝑠𝑐 is strict so it is clear that  ⊓ = since  ⊓ ⊑ (easy to check 
taking into account Theorem 2.12 and expressions (9) and (10)). If this was not the case we would be facing a contradiction. As 
a consequence and considering also Remark 2.16, 𝑠𝑠𝑐( ⊓) = 𝑠𝑠𝑐() if and only if  ⊑.

S3. If  ⊑ , as in the previous point it is easy to check using Theorem 2.12 and expressions (9) and (10) that  ⊓ ⊑ ⊓ for any 
. By the monotonicity of 𝑠𝑠𝑐:

(,) = 𝑠𝑠𝑐( ⊓)
𝑠𝑠𝑐()

≤ 𝑠𝑠𝑐( ⊓ )
𝑠𝑠𝑐()

= (,).
S4. If  ⊑  ⊑ , 𝑠𝑠𝑐() ≤ 𝑠𝑠𝑐() again by the monotonicity of 𝑠𝑠𝑐. Additionally,  ⊓ =  =  ⊓ using one more time Re-

mark 2.16. Thus:

(,) = 𝑠𝑠𝑐( ⊓)
𝑠𝑠𝑐() = 𝑠𝑠𝑐()

𝑠𝑠𝑐() ≤ 𝑠𝑠𝑐()
𝑠𝑠𝑐() =

𝑠𝑠𝑐( ⊓)
𝑠𝑠𝑐() = (,).

S5. Let 𝑐 ⊑ or, in other words, 𝑐 ⊓ =𝑐 . In this situation:

0 = (,𝑐) = 𝑠𝑠𝑐( ⊓𝑐)
𝑠𝑠𝑐()

= 𝑠𝑠𝑐(𝑐)
𝑠𝑠𝑐()

if and only if 𝑠𝑠𝑐(𝑐) = 0 = 𝑠𝑠𝑐(). By the strict monotonicity of 𝑠𝑠𝑐 the previous expressions are equivalent to that of 𝑐 =
which is the same as  =  . □

The search of strict scalar cardinalities for T2FSs is not an easy task since they must be defined over a set of functions. In fact, 
the cardinalities of Definition 3.8 are not strict cardinalities since there exist some  ⊏  such that ||𝛼 = ||𝛼 . It should be noted, 
however, that the only possibility in this case is that of the functions 𝜇(𝑥) and 𝜇(𝑥) differing in a set of measure zero for some 
𝑥 ∈𝑋. This is deduced from the following remark.

Remark 5.6. Given two T2FSs  and  with  ⊏ such that ||𝛼 = ||𝛼 , we have by definition (𝜇(𝑥))𝐿 ≥ (𝜇(𝑥))𝐿 and (𝜇(𝑥))𝑅 ≥
(𝜇(𝑥))𝑅. Since  ≠, there exist some 𝑥 ∈𝑋 such that (𝜇(𝑥))𝐿(𝑦) > (𝜇(𝑥))𝐿(𝑦) or (𝜇(𝑥))𝑅(𝑦) > (𝜇(𝑥))𝑅(𝑦) for some values of 
𝑦. Let us suppose that the set of values fulfilling these conditions has non-zero measure and that 0 < 𝛼 < 1. Therefore:

||𝛼 − ||𝛼 = 𝑁∑
𝑖=1

⎡⎢⎢⎣𝛼
1

∫
0

(
(𝜇(𝑥𝑖))𝐿(𝑦) − (𝜇(𝑥𝑖))𝐿(𝑦)

)
𝑑𝑦

+(1 − 𝛼)

1

∫
0

(
(𝜇(𝑥𝑖))𝑅(𝑦) − (𝜇(𝑥𝑖))𝑅(𝑦)

)
𝑑𝑦

⎤⎥⎥⎦ > 0,

which is a contradiction. Hence, for each 𝑥 ∈𝑋, 𝜇(𝑥) = 𝜇(𝑥) except possibly in a set of measure zero since for each convex function 
𝑓 we have 𝑓 = 𝑓𝐿 ∧ 𝑓𝑅. An example of this situation can be found in Fig. 6.

The differences between functions in sets of zero measure is not a significant issue when considering the use of integrals to assess 
the disparity between such functions. Consequently, we propose the introduction of the following operators as a means of measuring 
12

subsethood. Let ,  ∈ 𝑋 be type-2 fuzzy sets on a finite universe 𝑋 with |𝑋| =𝑁 . For each 0 < 𝛼 < 1, we define 𝑆𝛼 as:
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𝑆𝛼(,) = | ⊓|𝛼||𝛼
for all  ≠  and 𝛼(, ) = 1. Using now the properties given in equations (9) and (10), and according to the cardinality defined 
in Definition 3.8, we can establish that:

𝑆𝛼(,) =
∑𝑁
𝑖=1 𝛼

(
1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦

)
+ (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦∑𝑁

𝑖=1 𝛼
(
1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦)𝑑𝑦

)
+ (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

,

where, for readability, 𝜌𝐿
𝑖,(𝑦) = (𝜇(𝑥𝑖))𝐿(𝑦), 𝜌𝐿𝑖,(𝑦) = (𝜇(𝑥𝑖))𝐿(𝑦), 𝜌𝑅𝑖,(𝑦) = (𝜇(𝑥𝑖))𝑅(𝑦), and 𝜌𝑅

𝑖,(𝑦) = (𝜇(𝑥𝑖))𝑅(𝑦).
As we will show in the next theorem the only axiom of subsethood measure in Definition 5.1 that is not fully satisfied is S2. 

Nevertheless, it is possible to ensure a slightly more relaxed condition. One advantage of this proposal is that it satisfies the fuzzy 
conditioning identified by Kosko in equation (6).

Theorem 5.7. Given 0 < 𝛼 < 1 and 𝑋 a finite set with |𝑋| =𝑁 , the operator 𝑆𝛼 ∶𝑋 ×𝑋 → [0, 1] such that:

𝑆𝛼(,) = | ⊓|𝛼||𝛼
for all  ≠ and 𝑆𝛼(, ) = 1 satisfies the subsethood measure axioms S1,S3-S5 and the condition:

S2’. 𝑆(, ) = 1 if and only if  ⊑ except possibly in a set of zero measure.

Proof. First note that 𝑆𝛼 is well defined since ||𝛼 ≠ 0 for all  ≠. If  ≠, there exists 𝑥 ∈𝑋 such that 𝜇(𝑥) ≠ 0 and thus there 
also exists 𝑦0 ∈ (0, 1] with 𝜇(𝑥)(𝑦0) > 0. In this case (𝜇(𝑥))𝑅(𝑦) > 0 for all 𝑦 ∈ [0, 𝑦0] and by expression (4) we have ||𝛼 > 0. This 
property can be used to prove S1 and S5 in a similar way as for strict cardinalities in Theorem 5.5. Moreover, the proof of S3 and S4 
is completely analogous to the one given in the aforementioned theorem. Hence, it only remains to proof S2’.

If  =, then by definition it holds 𝑆𝛼(, ) = 1 and  ⊑ for any . In any other case, 𝑆𝛼(, ) = 1 if and only if:

𝑁∑
𝑖=1

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

𝜌𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦

⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦

⎤⎥⎥⎦ = (12)

𝑁∑
𝑖=1

⎡⎢⎢⎣𝛼
⎛⎜⎜⎝1 −

1

∫
0

𝜌𝐿
𝑖,(𝑦)𝑑𝑦

⎞⎟⎟⎠+ (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦)𝑑𝑦

⎤⎥⎥⎦ .
Taking into account that for all 1 ≤ 𝑖 ≤𝑁 :

𝛼

⎛⎜⎜⎝1 −
1

∫
0

𝜌𝐿
𝑖,(𝑦) ∨ 𝜌𝐿(𝑦)𝑑𝑦

⎞⎟⎟⎠ ≤ 𝛼

⎛⎜⎜⎝1 −
1

∫
0

𝜌𝐿
𝑖,(𝑦)𝑑𝑦

⎞⎟⎟⎠
and

(1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦) ∧ 𝜌𝑅(𝑦)𝑑𝑦 ≤ (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦)𝑑𝑦,

the only possibility for (12) to hold if 0 < 𝛼 < 1, is the previous inequalities to be equal. Then, 𝜌𝐿(𝑦) ≤ 𝜌𝐿𝑖,(𝑦) and 𝜌𝑅
𝑖,(𝑦) ≤ 𝜌𝑅(𝑦), 

except possibly in a set of measure zero. Thus we have the condition S2’. □

Fig. 7 shows an example of two normal and convex T2FSs for |𝑋| = 1 such that ⊑ fails in a set of measure zero but with the same 
cardinalities.

Another aspect of 𝑆𝛼 that supports its use as a subsethood measure is that it can be seen as the complement of the amount of 
violations of the usual type-2 subsethood ⊑. In a similar way as Kosko, Vlachos and Sergiadis did for fuzzy sets and interval-valued 
fuzzy sets, given two convex and normal type-2 fuzzy sets  and  we can measure how far are these sets from satisfying  ⊑  by 
considering the sum of the following integrals:

𝑁∑⎛⎜ 1

0 ∨
(
𝜌𝐿 (𝑦) − 𝜌𝐿 (𝑦)

)
𝑑𝑦+

1

0 ∨
(
𝜌𝑅 (𝑦) − 𝜌𝑅 (𝑦)

)
𝑑𝑦

⎞⎟

13

𝑖=1 ⎜⎝∫0 𝑖, 𝑖, ∫
0

𝑖, 𝑖, ⎟⎠
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Fig. 7. Example of two type-2 fuzzy sets,  and  such that ||𝛼 = ||𝛼 = | ⊓|𝛼 and neither 𝜇 ⊑ 𝜇 nor 𝜇 ⊑ 𝜇 .

where ∫ 1
0 0 ∨

(
𝜌𝐿
𝑖,(𝑦) − 𝜌𝐿𝑖,(𝑦)

)
𝑑𝑦 and ∫ 1

0 0 ∨
(
𝜌𝑅
𝑖,(𝑦) − 𝜌𝑅𝑖,(𝑦)

)
𝑑𝑦 can be interpreted as quantities measuring to what extent 

the inequalities 𝜌𝐿
𝑖, ≤ 𝜌𝐿

𝑖, and 𝜌𝑅
𝑖, ≤ 𝜌𝑅

𝑖, are respectively violated. The previous sum can be normalized by 
∑𝑁
𝑖=1(1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦) +

∫ 1
0 𝜌

𝑅
𝑖,(𝑦)) and thus we obtain the subsethood measure:

𝑆̃(,) = 1 −

∑𝑁
𝑖=1

(∫ 1
0 0 ∨

(
𝜌𝐿
𝑖,(𝑦) − 𝜌𝐿𝑖,(𝑦)

)
𝑑𝑦+ ∫ 1

0 0 ∨
(
𝜌𝑅
𝑖,(𝑦) − 𝜌𝑅𝑖,(𝑦)

)
𝑑𝑦

)
∑𝑁
𝑖=1

(
1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦)𝑑𝑦+ ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

)
By the properties of ∨, it is easy to check that 𝑆̃ = 𝑆 1

2
just by developing the previous expression. By considering 𝑆𝛼 with 𝛼 ≠ 1∕2 we 

are just giving different weights to the violations of the inequalities 𝜌𝐿
𝑖, ≤ 𝜌𝐿

𝑖, and 𝜌𝑅
𝑖, ≤ 𝜌𝑅

𝑖,. Consequently, we have a new different 
justification for the use of the suggested operators as subsethood measures.

Theorem 5.8. Given 0 < 𝛼 < 1 and 𝑋 a finite set with |𝑋| =𝑁 , the operator 𝑆𝛼 ∶ 𝑋 ×𝑋 → [0, 1] such that:

𝑆𝛼(,) = 1
𝑁

𝑁∑
𝑖=1

𝛼
(
1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦

)
+ (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦

𝛼
(
1 − ∫ 1

0 𝜌
𝐿
𝑖,(𝑦)𝑑𝑦

)
+ (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

(13)

for all  ≠ and 𝑆𝛼(, ) = 1 satisfies the subsethood measure axioms S1,S3-S5 and the condition S2’.

Proof. First note that, the function 𝑆𝛼 is well defined for all 𝛼 < 1 since  ≠.

S1. If  ≠, then

𝑆𝛼(,) = 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦))𝑑𝑦+ (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

= 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − 1) + (1 − 𝛼)0

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

= 0.

S2’. If  =, then by definition it holds 𝑆𝛼(, ) = 1 and  ⊑ for any . In any other case, 𝑆𝛼(, ) = 1 if and only if

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

= 1 (14)

for all 1 ≤ 𝑖 ≤𝑁 since,

0 ≤ 𝛼(1 −
1

∫
0

𝜌𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦 ≤

𝛼(1 −

1

∫
0

𝜌𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦)𝑑𝑦
14

because for all 1 ≤ 𝑖 ≤𝑁 :
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0 ≤ 𝛼
⎛⎜⎜⎝1 −

1

∫
0

𝜌𝐿
𝑖,(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦

⎞⎟⎟⎠ ≤ 𝛼

⎛⎜⎜⎝1 −
1

∫
0

𝜌𝐿
𝑖,(𝑦)𝑑𝑦

⎞⎟⎟⎠
and

0 ≤ (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦 ≤ (1 − 𝛼)

1

∫
0

𝜌𝑅
𝑖,(𝑦)𝑑𝑦.

Therefore, the only possibility for (14) to hold is the previous inequalities to be equal. Then, 𝜌𝐿
𝑖,(𝑦) ≤ 𝜌𝐿𝑖,(𝑦) and 𝜌𝑅

𝑖,(𝑦) ≤ 𝜌𝑅𝑖,(𝑦), 
except possibly in a set of measure zero.

S3. If  ⊑ , then it holds 𝜌𝐿
𝑖, ≤ 𝜌𝐿

𝑖, and 𝜌𝑅
𝑖, ≤ 𝜌𝑅

𝑖, for all 1 ≤ 𝑖 ≤𝑁 . Thus,

𝑆𝛼(,) = 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖(𝑦) ∨ 𝜌𝐿𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦) ∧ 𝜌𝑅𝑖,(𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

≤ 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖(𝑦) ∨ 𝜌𝐿𝑖, (𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖(𝑦) ∧ 𝜌𝑅𝑖, (𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

= 𝑆𝛼(,).
S4. If  ⊑ ⊑ , then it holds 𝜌𝐿

𝑖, ≤ 𝜌𝐿
𝑖, ≤ 𝜌𝐿

𝑖, and 𝜌𝑅
𝑖, ≤ 𝜌𝑅

𝑖, ≤ 𝜌𝑅
𝑖, for all 1 ≤ 𝑖 ≤𝑁 .

Let us see that 𝑆𝛼(, ) ≤ 𝑆𝛼(, ). Applying the previous inequalities,

𝑆𝛼(,) = 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖, (𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖, (𝑦)𝑑𝑦

𝑆𝛼(,) = 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼) ∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

In these two equalities, numerators are equal, and the first denominator is greater than the second, thus 𝑆𝛼(, ) ≤ 𝑆𝛼(, ).
The only case that has to be considered separately is when  =, in such a case, 𝑆𝛼(, ) = 1 and 𝑆𝛼(, ) ≤ 𝑆𝛼(, ) trivially.

S5. Let 𝑐 ⊑. Then, 𝜌𝐿
𝑖, ≤ 𝜌𝐿

𝑖,𝑐 and 𝜌𝑅
𝑖,𝑐 ≤ 𝜌𝑅𝑖,. Therefore,

𝑆𝛼(,𝑐) = 1
𝑁

𝑁∑
𝑖=1

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,𝑐 (𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,𝑐 (𝑦)𝑑𝑦

𝛼(1 − ∫ 1
0 𝜌

𝐿
𝑖,(𝑦)𝑑𝑦) + (1 − 𝛼)∫ 1

0 𝜌
𝑅
𝑖,(𝑦)𝑑𝑦

= 0

if and only if ∀𝑖 ∈ {1, … , 𝑁} we have ∫ 1
0 𝜌

𝐿
𝑖,𝑐 (𝑦) 𝑑𝑦 = 1 and ∫ 1

0 𝜌
𝑅
𝑖,𝑐 (𝑦) 𝑑𝑦 = 0. That is, if and only if 𝜇𝑐 (𝑥𝑖) = 0̄, ∀𝑥𝑖 ∈𝑋, if and 

only if 𝜇(𝑥𝑖) = 1̄, ∀𝑥𝑖 ∈𝑋. Thus,  =𝑋. □

6. Conclusions

The principal objective of this study has been to extend the concept of cardinality and subsethood measure to the context of T2FSs. 
We have considered the membership degrees (which are fuzzy sets) as labels for the variable truth, as we believe this interpretation is 
analogous to Zadeh’s original definition of T2FSs. In more precise terms, we have proposed novel axiomatic definitions of cardinality 
and subsethood measure, based on the order provided by Mizumoto and Tanaka in [29,30] which generalizes the most common 
orders for FSs and IVFSs.

Furthermore, we have introduced new operators that can be used as cardinalities and defined specific subsethood measures in 
terms of such cardinalities that satisfy a sort of fuzzy conditioning in the sense of Kosko (see [2]). To the best of our knowledge, no 
specific subsethood measures in T2FSs have been provided previously. Additionally, we have established a general result showing 
that any strict cardinality can be used to define a subsethood measure for T2FSs.

CRediT authorship contribution statement

Carmen Torres-Blanc: Writing – review & editing, Writing – original draft, Validation, Supervision, Methodology, Investigation, 
Formal analysis, Conceptualization. Jesus Martinez-Mateo: Writing – original draft, Methodology, Investigation. Susana Cubillo:

Writing – review & editing, Writing – original draft, Validation, Supervision, Project administration, Methodology, Investigation, 
Funding acquisition, Conceptualization. Luis Magdalena: Project administration, Investigation, Funding acquisition, Formal anal-

ysis. Francisco Javier Talavera: Writing – review & editing, Writing – original draft, Validation, Investigation, Formal analysis, 
15

Conceptualization. Jorge Elorza: Writing – review & editing, Validation, Supervision, Investigation.



Fuzzy Sets and Systems 499 (2025) 109174C. Torres-Blanc, J. Martinez-Mateo, S. Cubillo et al.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Acknowledgements

This research has been partially supported by the Government of Spain (grants PID2021-122905NB-C22 and PID2020-112502RB-

C41), Comunidad de Madrid (Convenio Plurianual con la Universidad Politécnica de Madrid en la línea de actuación Programa de 
Excelencia para el Profesorado Universitario) and Universidad Politécnica de Madrid (Spain). Francisco Javier Talavera also thanks 
the financial support of the “Asociación de Amigos” of the University of Navarra.

Data availability

No data was used for the research described in the article.

References

[1] L.A. Zadeh, Fuzzy sets, Inf. Control 8 (3) (1965) 338–353, https://doi .org /10 .1016 /S0019 -9958(65 )90241 -X.

[2] B. Kosko, Fuzzy entropy and conditioning, Inf. Sci. 40 (1986) 165–174.

[3] A. De Luca, S. Termini, A definition of a nonprobabilistic entropy in the setting of fuzzy sets theory, Inf. Control 20 (4) (1972) 301–312, https://doi .org /10 .
1016 /S0019 -9958(72 )90199 -4.

[4] D. Sinha, E.R. Dougherty, Fuzzification of set inclusion: theory and applications, Fuzzy Sets Syst. 55 (1) (1993) 15–42, https://doi .org /10 .1016 /0165 -0114(93 )
90299 -W.

[5] V.R. Young, Fuzzy subsethood, Fuzzy Sets Syst. 77 (3) (1996) 371–384, https://doi .org /10 .1016 /0165 -0114(95 )00045 -3.

[6] I. Couso, H. Bustince, J. Fernández, L. Sánchez, The null space of fuzzy inclusion measures, IEEE Trans. Fuzzy Syst. 29 (3) (2019) 641–648.

[7] N. Madrid, M. Ojeda-Aciego, Measures of inclusion and entropy based on the 𝜑-index of inclusion, in: Fuzzy Logic Connectives / Fuzzy Rough Sets, Fuzzy Sets 
Syst. 423 (2021) 29–54, https://doi .org /10 .1016 /j .fss .2021 .01 .011.

[8] I.K. Vlachos, G.D. Sergiadis, Subsethood, entropy, and cardinality for interval-valued fuzzy sets—an algebraic derivation, Fuzzy Sets Syst. 158 (12) (2007) 
1384–1396, https://doi .org /10 .1016 /j .fss .2006 .12 .018.

[9] D. Wu, J.M. Mendel, Interval type-2 fuzzy set subsethood measures as a decoder for perceptual reasoning, Tech. Rep., USCSIPI Report 398, Signal and Image 
Processing Institute, University of Southern California, Los Angeles, CA, December 2009.

[10] Z. Takáč, Inclusion and subsethood measure for interval-valued fuzzy sets and for continuous type-2 fuzzy sets, Fuzzy Sets Syst. 224 (2013) 106–120, https://

doi .org /10 .1016 /j .fss .2013 .01 .002.

[11] H. Bustince, V. Mohedano, E. Barrenechea, M. Pagola, Definition and construction of fuzzy di-subsethood measures, Inf. Sci. 176 (21) (2006) 3190–3231, https://

doi .org /10 .1016 /j .ins .2005 .06 .006.

[12] H. Bustince, V. Mohedano, E. Barrenechea, M. Pagola, A method for constructing v. young’s fuzzy subsethood measures and fuzzy entropies, in: 2006 3rd 
International IEEE Conference Intelligent Systems, 2006, pp. 208–214.

[13] D. Wu, J.M. Mendel, Efficient algorithms for computing a class of subsethood and similarity measures for interval type-2 fuzzy sets, in: International Conference 
on Fuzzy Systems, 2010, pp. 1–7.

[14] L.A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning—i, Inf. Sci. 8 (3) (1975) 199–249, https://doi .org /10 .1016 /0020 -
0255(75 )90036 -5.

[15] L.A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning—ii, Inf. Sci. 8 (4) (1975) 301–357.

[16] A. Roldán López de Hierro, C. Roldán, M. Tiscar, Z. Takac, R.H. Santiago, G. Dimuro, J. Fernández, H. Bustince, Type-(2, k) overlap indices, IEEE Trans. Fuzzy 
Syst. 31 (3) (2023) 860–874.

[17] Z. Jia, J. Qiao, Extension operators for type-2 fuzzy sets derived from overlap functions, Fuzzy Sets Syst. 451 (2022) 130–156.

[18] X. Wu, G. Chen, L. Wang, On union and intersection of type-2 fuzzy sets not expressible by the sup-t-norm extension principle, Fuzzy Sets Syst. 441 (2022) 
241–261.

[19] Z.-q. Liu, Q.-q. Xiong, Subalgebras of the truth value algebra of type-2 fuzzy sets, Fuzzy Sets Syst. 418 (2021) 51–63.

[20] Z.-q. Liu, X.-p. Wang, The distributivity of extended uninorms over extended overlap functions on the membership functions of type-2 fuzzy sets, Fuzzy Sets Syst. 
448 (2022) 94–106.

[21] K. Mittal, A. Jain, K.S. Vaisla, O. Castillo, J. Kacprzyk, A comprehensive review on type 2 fuzzy logic applications: past, present and future, Eng. Appl. Artif. 
Intell. 95 (2020) 103916.

[22] A. Sakalli, T. Kumbasar, J.M. Mendel, Towards systematic design of general type-2 fuzzy logic controllers: analysis, interpretation, and tuning, IEEE Trans. Fuzzy 
Syst. 29 (2) (2020) 226–239.

[23] R. Li, W. Qi, J.H. Park, J. Cheng, K. Shi, Sliding mode control for discrete interval type-2 fuzzy semi-Markov jump models with delay in controller mode switching, 
Fuzzy Sets Syst. 483 (2024) 108915.

[24] S. Pan, X. Xie, X. Wu, Relaxed stabilization of interval type-2 fuzzy semi-Markov jump systems with dos attacks: a homogeneous polynomial approach, IEEE 
Trans. Fuzzy Syst. (2024).

[25] Y. Ghozzi, N. Baklouti, H. Hagras, M.B. Ayed, A.M. Alimi, Interval type-2 beta fuzzy near sets approach to content-based image retrieval, IEEE Trans. Fuzzy Syst. 
30 (3) (2021) 805–817.

[26] A.K. Shukla, P.K. Muhuri, A novel deep belief network architecture with interval type-2 fuzzy set based uncertain parameters towards enhanced learning, Fuzzy 
Sets Syst. 477 (2024) 108744.

[27] H. Bustince, E. Barrenechea, M. Pagola, J. Fernandez, Z. Xu, B. Bedregal, J. Montero, H. Hagras, F. Herrera, B. De Baets, A historical account of types of fuzzy 
sets and their relationships, IEEE Trans. Fuzzy Syst. 24 (1) (2015) 179–194.

[28] A. Bouchet, M. Sesma-Sara, G. Ochoa, H. Bustince, S. Montes, I. Díaz, Measures of embedding for interval-valued fuzzy sets, Fuzzy Sets Syst. 467 (2023) 108505, 
https://doi .org /10 .1016 /j .fss .2023 .03 .008.

[29] M. Mizumoto, K. Tanaka, Some properties of fuzzy sets of type 2, Inf. Control 31 (4) (1976) 312–340, https://doi .org /10 .1016 /S0019 -9958(76 )80011 -3.

[30] M. Mizumoto, K. Tanaka, Fuzzy sets of type-2 under algebraic product and algebraic sum, Fuzzy Sets Syst. 5 (3) (1981) 277–290, https://doi .org /10 .1016 /0165 -
16

0114(81 )90056 -7.

https://doi.org/10.1016/S0019-9958(65)90241-X
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3D71DE7B5A08F958D4A8F420106EE41Ds1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib5648EC21810ECED734409524E8900DAAs1
https://doi.org/10.1016/S0019-9958(72)90199-4
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibB9916D708105187C947F7AB65AF04EAAs1
https://doi.org/10.1016/S0019-9958(72)90199-4
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibB9916D708105187C947F7AB65AF04EAAs1
https://doi.org/10.1016/0165-0114(93)90299-W
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib5C2A6BA1B1B0A2305C18F84AF81252F7s1
https://doi.org/10.1016/0165-0114(93)90299-W
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib5C2A6BA1B1B0A2305C18F84AF81252F7s1
https://doi.org/10.1016/0165-0114(95)00045-3
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibE8DD2B355795B06589DAA21D71339EEBs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibE9DF8F8213715F02BB616CEEE910FB6Cs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib987993C0B53A4A38CB1263D87858B0ACs1
https://doi.org/10.1016/j.fss.2021.01.011
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib987993C0B53A4A38CB1263D87858B0ACs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib110923BCF2C740523A742D3C7C564B3Es1
https://doi.org/10.1016/j.fss.2006.12.018
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib110923BCF2C740523A742D3C7C564B3Es1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib6F1B97DCBBFFA5D752FF509FF9846AC8s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib6F1B97DCBBFFA5D752FF509FF9846AC8s1
https://doi.org/10.1016/j.fss.2013.01.002
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibDACBD448A4BBF5D832C6C4FEA4F619DFs1
https://doi.org/10.1016/j.fss.2013.01.002
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibDACBD448A4BBF5D832C6C4FEA4F619DFs1
https://doi.org/10.1016/j.ins.2005.06.006
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib4EF1CAC821F460400C298F3C2695A235s1
https://doi.org/10.1016/j.ins.2005.06.006
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib4EF1CAC821F460400C298F3C2695A235s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib25ED5BDA83C11288E605B8A6910D1C32s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib25ED5BDA83C11288E605B8A6910D1C32s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibE1B6DFB6C59C7712DA3C2DECB1BD0C5Cs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibE1B6DFB6C59C7712DA3C2DECB1BD0C5Cs1
https://doi.org/10.1016/0020-0255(75)90036-5
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib350A02E5BDE7D7B6AEED575CD348749Ds1
https://doi.org/10.1016/0020-0255(75)90036-5
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib350A02E5BDE7D7B6AEED575CD348749Ds1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibC59A2221E4E1C00E9EDD5D3AB9B044C3s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib987BBC53BCAFA3ACCE5846152E233B62s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib987BBC53BCAFA3ACCE5846152E233B62s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibB5BBCDC15A6FE7D2540DCFD930980573s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibBA8AA18C27E8EE1F64EADE277F4CCE54s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibBA8AA18C27E8EE1F64EADE277F4CCE54s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib1BB4A6BB1AFBA732C2A01BC1C22DE9ECs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibAF881EEAAE3668288F6F4EDCA375D5FBs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibAF881EEAAE3668288F6F4EDCA375D5FBs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib42FBC4A43CA86A2EF04604CAF583113Bs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib42FBC4A43CA86A2EF04604CAF583113Bs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3DEA9463DD57CF5FD794CAC5ECA5BB83s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3DEA9463DD57CF5FD794CAC5ECA5BB83s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibD04F11E22C9FA95A130225CE22D9F785s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibD04F11E22C9FA95A130225CE22D9F785s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibDF914038C5C64399E3B2490058597C4As1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibDF914038C5C64399E3B2490058597C4As1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib68F1B3EEA62606DE6835AB43C1771F16s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib68F1B3EEA62606DE6835AB43C1771F16s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib41BC9164BB7B46B5C789EDE15528549Bs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib41BC9164BB7B46B5C789EDE15528549Bs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib7522626FD1A89B3B9D8AB49DBECC39EDs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib7522626FD1A89B3B9D8AB49DBECC39EDs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibC0D25CFA2E95EA8C52F1CAA545551BDBs1
https://doi.org/10.1016/j.fss.2023.03.008
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibC0D25CFA2E95EA8C52F1CAA545551BDBs1
https://doi.org/10.1016/S0019-9958(76)80011-3
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibF16008EB1D1520D8321C4504B96F3851s1
https://doi.org/10.1016/0165-0114(81)90056-7
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib90C824E9A19DA49D9F08510242AB064Es1
https://doi.org/10.1016/0165-0114(81)90056-7
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib90C824E9A19DA49D9F08510242AB064Es1


Fuzzy Sets and Systems 499 (2025) 109174C. Torres-Blanc, J. Martinez-Mateo, S. Cubillo et al.

[31] C.L. Walker, E.A. Walker, The algebra of fuzzy truth values, Fuzzy Sets Syst. 149 (2) (2005) 309–347, https://doi .org /10 .1016 /j .fss .2003 .12 .003.

[32] J. Harding, C. Walker, E. Walker, Lattices of convex normal functions, Fuzzy Sets Syst. 159 (9) (2008) 1061–1071, https://doi .org /10 .1016 /j .fss .2007 .09 .009, 
Theme: Logic and Algebra.

[33] C.-M. Hwang, M.-S. Yang, W.-L. Hung, E. Stanley Lee, Similarity, inclusion and entropy measures between type-2 fuzzy sets based on the Sugeno integral, Math. 
Comput. Model. 53 (9) (2011) 1788–1797, https://doi .org /10 .1016 /j .mcm .2010 .12 .057.

[34] J.T. Rickard, J. Aisbett, G. Gibbon, Fuzzy subsethood for fuzzy sets of type-2 and generalized type- 𝑛, IEEE Trans. Fuzzy Syst. 17 (1) (2009) 50–60, https://

doi .org /10 .1109 /TFUZZ .2008 .2006369.

[35] M.-S. Yang, D.-C. Lin, On similarity and inclusion measures between type-2 fuzzy sets with an application to clustering, Comput. Math. Appl. 57 (6) (2009) 
896–907.

[36] S.-C. Ngan, A concrete and rational approach for building type-2 fuzzy subsethood and similarity measures via a generalized foundational model, Expert Syst. 
Appl. 130 (2019) 236–264.

[37] M. Wygralak, Cardinalities of Fuzzy Sets, vol. 118, Springer, 2003.

[38] G. Deschrijver, P. Král’, On the cardinalities of interval-valued fuzzy sets, Fuzzy Sets Syst. 158 (15) (2007) 1728–1750, https://doi .org /10 .1016 /j .fss .2007 .01 .005.

[39] H. Hamrawi, S. Coupland, Measures of uncertainty for type-2 fuzzy sets, in: 2010 UK Workshop on Computational Intelligence (UKCI), 2010, pp. 1–6.

[40] L. Magdalena, C. Torres-Blanc, S. Cubillo, J. Martinez-Mateo, Different types of entropy measures for type-2 fuzzy sets, Axioms 13 (8) (2024), https://doi .org /
10 .3390 /axioms13080556.

[41] L.A. Zadeh, Probability measures of fuzzy events, J. Math. Anal. Appl. 23 (2) (1968) 421–427, https://doi .org /10 .1016 /0022 -247X(68 )90078 -4.
17

[42] J. Fan, W. Xie, J. Pei, Subsethood measure: new definitions, Fuzzy Sets Syst. 106 (2) (1999) 201–209, https://doi .org /10 .1016 /S0165 -0114(97 )00275 -3.

https://doi.org/10.1016/j.fss.2003.12.003
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib205609ABA1B81A5F54FC33A084E24C63s1
https://doi.org/10.1016/j.fss.2007.09.009
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib33A67AF014F2E22C9BCBC82CD4172955s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib33A67AF014F2E22C9BCBC82CD4172955s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibA01AEE8DD03DC547BF2D00A687A683B0s1
https://doi.org/10.1016/j.mcm.2010.12.057
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibA01AEE8DD03DC547BF2D00A687A683B0s1
https://doi.org/10.1109/TFUZZ.2008.2006369
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3AEF96F20DCD3935AAF81FA6BCA46DB8s1
https://doi.org/10.1109/TFUZZ.2008.2006369
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3AEF96F20DCD3935AAF81FA6BCA46DB8s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibB9906A7E368FF129D15164780477C4FAs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibB9906A7E368FF129D15164780477C4FAs1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibCF9CCAB8C7E0CDEE6E877F8DC2AAFF82s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibCF9CCAB8C7E0CDEE6E877F8DC2AAFF82s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibFA7C28257D82ACC0899DF897ADF2F059s1
https://doi.org/10.1016/j.fss.2007.01.005
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibF304703358F22C64166CAAC60C990E09s1
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib4F4118B95532C06D70EED9359E5B6889s1
https://doi.org/10.3390/axioms13080556
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibCB73BAC413DE75A4DBEDA01A16B253CFs1
https://doi.org/10.3390/axioms13080556
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibCB73BAC413DE75A4DBEDA01A16B253CFs1
https://doi.org/10.1016/0022-247X(68)90078-4
http://refhub.elsevier.com/S0165-0114(24)00320-8/bib3F9B813C5A2B0D7D068A1C96607C4D6Es1
https://doi.org/10.1016/S0165-0114(97)00275-3
http://refhub.elsevier.com/S0165-0114(24)00320-8/bibA47DDE0EA48D90A6851C0B949A44B055s1

	Subsethood measures based on cardinality of type-2 fuzzy sets
	1 Introduction
	2 Fuzzy sets and their extensions
	3 Cardinality of fuzzy sets, interval-valued fuzzy sets and type-2 fuzzy sets
	4 Subsethood in fuzzy and interval-valued fuzzy sets
	5 Subsethood in type-2 fuzzy sets
	6 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Data availability
	References


