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Keywords: In this work we present a novel axiomatic framework for subsethood measures in type-2 fuzzy
Subsethood sets. It differs from previous approaches in two key ways. First, the degree of membership is not
Cardinality

simply a fuzzy set as considered in other papers, but rather a label of the variable Truth, more in
line with Zadeh’s original idea. Secondly, the concept of subsethood is approached in terms of its
relationship with cardinality. Additionally, illustrative examples of such measures are provided.

Interval-valued fuzzy set
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1. Introduction

The definition of subsethood introduced by Zadeh in [1] is rarely rigorous, in a strict sense, in the context of fuzzy set theory.
According to Zadeh’s definition, it may occur that a fuzzy set is not a subset of another fuzzy set just because only one membership
degree is greater. To relax this definition Kosko introduced in [2] the degree of subsethood, or fuzzy subsethood, as a measure in fuzzy
sets of the degree to which a fuzzy set is subset of another one. Surprisingly, Kosko realizes that the proposed measure of subset-
hood degree reduces to cardinalities. Furthermore, he is able to show that this subsethood degree measure behaves as a conditional
probability, that is, fuzzy conditioning.

However, the aim of Kosko’s work was to introduce a new entropy measure satisfying the axiomatic properties for a nonprob-
abilistic fuzzy entropy proposed by De Luca and Termini in [3]. Hence, Kosko also proposes a fuzzy entropy measure that novelly
reduces to fuzzy conditioning, that is, to a subsethood degree measuring.

Inspired by the Kosko’s work, Sinha and Dougherty [4] considered axiomatizing the properties of a measure of subsethood. The
authors identified a total of up to twelve axioms (although the last three are considered additional properties) that any measure of
fuzzy subsethood must comply with. Subsequently, Young [5] reduced the number of axioms to three, and proved that a measure
of fuzzy subsethood that satisfies only those three axioms reduces to a fuzzy entropy measure, such as that defined by Kosko. A
comprehensive overview of the various existing axiomatics in the literature for fuzzy subsethood measures and their interrelations
can be found in [6,7].

Later, Vlachos and Sergiadis [8] extended the definition of degree of subsethood to interval-valued fuzzy sets. Building upon the
work of Kosko and Young, they proposed a set of axioms that any measure of subsethood in interval-valued fuzzy sets should satisfy.
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They proved that any fuzzy subsethood measure satisfying this set of axioms also produces an entropy, again, such as the one defined
by Kosko.

Subsequently, several works are focused on adapting the definition of degree of subsethood to other extensions of fuzzy sets, such
as interval type-2 fuzzy sets [9], or general type-2 fuzzy sets [10]. In this last paper, Taka¢ provides a method to obtain subsethood
measures using the a-plane representation for type-2 fuzzy sets, but he stops short of proposing any subsethood measure. Other works
focus also on the description of new methods and efficient algorithms for constructing fuzzy subsethood measures [11-13].

Zadeh highlighted (see [14,15]) that experts may encounter difficulties in determining the precise extent to which an element
belongs to a set or verifies a property. Furthermore, it is more realistic to assume that experts express their knowledge in natural
language, utilising expressions such as “approximately”, “about”, “almost never”, and so forth. Consequently, Zadeh identified a
requirement to develop a novel conceptualisation of fuzzy logic or fuzzy sets, wherein the membership or truth degrees can be repre-
sented by linguistic labels, as opposed to numerical values within the range [0,1] or closed intervals within this range. Accordingly,
Zadeh’s seminal work gave rise to the concept of type-2 fuzzy sets, which represent an extension of both fuzzy sets and interval-valued
sets. In this approach, each membership degree is represented by a label denoting the variable ‘truth’. This concept was subsequently
revisited and structured by Mizumoto in reference [29]. Our work is based on Zadeh’s original idea of type-2 sets.

In addition, type-2 fuzzy sets have been extensively studied during the recent years. This is evidenced by the great amount of
works dedicated to both the theoretical framework (for example [16-20]) and the applications (see, for instance [21-26]). These
applications can be found in many areas of artificial intelligence such as control (see [22-24]), image processing (see, for instance
[25]) or deep learning (see [26]). It is therefore important to continue to develop models that improve reasoning and interpretation
with these types of fuzzy sets.

The main contributions of this manuscript are as follows. On the one hand, the axiomatic definitions of cardinality and subsethood
measures for type-2 fuzzy sets, consistent with the corresponding axioms for interval-valued fuzzy sets. Various cardinality measures
that satisfy these axioms are given and used to define subsethood measures in a similar way to Kosko for type-1 fuzzy sets. On the
other hand, another contribution is the treatment of membership degrees of type-2 fuzzy sets. As already mentioned, we treat type-2
fuzzy sets as originally conceived by Zadeh and Mizumoto, where, given a universe X, the degree of membership of an element x of
the universe to a type-2 fuzzy set A, namely p4(x), is a linguistic label. However, most authors treat type-2 fuzzy sets as type-1 fuzzy
sets over the universe X X [0, 1], and this is not an extension of type-1 fuzzy sets, nor of interval-valued fuzzy sets. Consequently, we
believe that type-2 fuzzy sets should be treated as originally given by Zadeh and Mizumoto. To the best of our knowledge, this is the
first time, except for Taka¢’s work, that subset measures for type-2 fuzzy sets are studied by treating membership degrees as linguistic
labels. Moreover, as we have already pointed out, Takac did not give any examples of subset measures for type-2 fuzzy sets.

The remainder of this paper is organized as follows. In Section 2 we introduce fuzzy sets and their extensions, we analyze several
orders for intervals and interval-valued fuzzy sets, and define some basic operations needed throughout the paper. Section 3 contains
a discussion about the cardinality axioms required for fuzzy sets, interval-valued fuzzy sets and type-2 fuzzy sets. Next, in Section 4
we introduce the degree of subsethood in fuzzy and interval-valued fuzzy sets and the axiomatic requirements for a fuzzy subsethood
measure inspired by Kosko, Young and Vlachos’ works. In Section 5 we extend the definition of fuzzy subsethood to type-2 fuzzy sets,
and propose different subsethood measures for these sets. Finally, we present our concluding remarks in Section 6.

2. Fuzzy sets and their extensions

Throughout this paper X denotes a finite non-empty set called universe of discourse, and < denotes the usual order relation (less
than or equal to) such that the set of real numbers is a lattice with respect to this order. In this section, different extensions of fuzzy
sets will be presented, starting with Zadeh’s definition of fuzzy set.

Definition 2.1. (Zadeh [1]) A fuzzy set (FS) or type-1 fuzzy set (T1FS), A, is characterized by a membership function yu ,

Hps X —[0,1],

where 4 (x) is the membership degree of an element x € X in the set A.

Commonly, we refer to a fuzzy set A using its membership function u,. We denote by F.S(X), or equivalently by [0,1]X =
Map(X, [0, 1]), the set of all (type-1) fuzzy sets on X. From the usual order < in [0, 1] we define a partial order on F.S(X) as follows:
u4 < up if and only if p4(x) < pup(x) for all x € X. Therefore, ([0, 11%, <) is a bounded lattice with smallest and greatest elements the
constant functions 0 and 1, respectively, that is, 0(x) =0 and 1(x) = 1 for all x € X. This order ensures that the membership degrees
of an element in two arbitrary fuzzy sets, A and B, are always comparable using the usual order in [0, 1]. This implies that one of the
elements is equal to or greater than the other. In accordance with this, Zadeh proposed in [1] the following definition of subsethood
in fuzzy sets.

Definition 2.2. (Zadeh [1]) A fuzzy set A is subset of another fuzzy set B, denoted by A C B, if and only if y,(x) < up(x), Vx € X.

The basic Zadeh’s operations for fuzzy sets are the following.
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Fig. 1. Orders in intervals. Top shows the interval order for the embedding relationship “A is contained in B”, while bottom shows the interval order for the subsethood
relationship “A is lower than or equal to B”.

Definition 2.3. The union between A and B, denoted by A U B, is given by

Maup(x) =max(py(x), up(x)) Vx € X.

The intersection between A and B, denoted by A N B, is given by

Hanpg(X) =min(p4(x), ug(x)) Vxe€X.

The complementary set of A, denoted by A¢, is given by

ﬂAC(X):l_ﬂA(X) Vx e X.

Furthermore, Zadeh proposed novel extensions to the concept of fuzzy sets in his works [14,15]. One of these extensions, called
type-2 fuzzy sets, is defined in Definition 2.10. For a comprehensive examination and motivation of the various extensions of fuzzy
sets, we direct the reader to the article [27]. However, it is first necessary to define interval-valued fuzzy sets, which are specific cases
of type-2 fuzzy sets. This is a consequence of the fact that some of the concepts presented here generalize terms that were previously
established for these kinds of sets.

Definition 2.4. (Zadeh [14]) An interval-valued fuzzy set (IVFS), A, is characterized by a membership function c,,

ot X = I([0,1]),

where 1([0, 1]) denotes the set of all closed subintervals of the unit interval [0, 1], that is, I([0,1])={[L, U] : 0<L<U <1}.

The membership degree of an element x € X in the set A is then a closed subinterval in I([0, 1]), that is, 65 (x) = [L,,U,], where
L, and U, are the lower and upper membership degrees, respectively. Again, we commonly refer to an interval-valued fuzzy set A
using its membership function o, . We denote by IV F.S(X), or equivalently by /([0, 11)%, the set of all interval-valued fuzzy sets on
X.

Orders considered in IVFSs are typically defined from orders on intervals. The present paper will consider only two distinct orders
when employed to define orders for IVFSs. Let A, B € I1([0,1]) be such that A=[L,,U,] and B =[Lp,Ug]. We define such orders
as follows.

Definition 2.5 (Lattice order). We say that A is lower than or equal to B, and denoted by A <; B, ifandonlyif L, < Lgand U, <Upg
(see bottom of Fig. 1).

Definition 2.6 (Contained order). We say that A is contained in B, and denoted by A C B, ifand only if Ly < L, <U, < Up (see top
of Fig. 1).

Note that (I([0, 1]), <;) is a bounded lattice with smallest and greatest elements 0; =[0,0] and 1; = [1, 1], respectively. However,
(I([0, 1]), ©) is not a lattice since there are pairs of intervals without an infimum. For instance, those intervals whose intersection is
the empty set have no infimum since the empty set is not a closed interval.

We will now examine the role of these two interval orders in IVFSs. Let A and B be two IVFSs, with o, and op denoting their
respective membership functions. Consequently, for each x € X, the values o, (x) and og(x) represent intervals. Two relations (partial
orders) can be defined in IVFSs, derived from the previously defined contained and lattice orders. The first one is called subsethood:

Definition 2.7 (Subsethood). A is included in (is a subset of) B, and it is denoted by A <; B, if and only if 6, (x) <; og(x),Vx € X.

Clearly, (I([0, 1])X, <;) is a bounded lattice with smallest and greatest elements 00, and o respectively, with 09, (x)=0; =[0,0]
and oy (x)=1; =[1,1] for all x € X. According the order <;, we can define the following widely studied operations:

3
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Fig. 2. Example of a T2FS.

Definition 2.8. The union between A and B, denoted by A UB, is given by

(oauB)(x) = [max(L, (x), Lg(x)),max(U, (x),Ug(x))], Vxe€ X.

The intersection between A and B, denoted by A N B, is given by

(oanR)(X) = [min(L (x), Lg(x)), min(U, (x), Ug(x))], Vx € X.

The complementary set of A, denoted by A€, is given by

oac(X)=[1=Ux(x),1 = Ly(x)], Vx€X.
The second order relation on IVFSs that we are going to discuss is embedding.
Definition 2.9 (Embedding). A is embedded in B, and it is denoted by A C B, if and only if 64 (x) C og(x),Vx € X.

The meaning of both order relations differs. Let A and B be two IVFSs. On the one hand, with the subsethood relation we can
state that the information given by A, when A is included in B, is less true than the information given by B. On the other hand,
with the embedding relation we can state that the information given by A, when A is embedded in B, is more precise about the real
membership function than B. For a more exhaustive analysis of embedding in IVFSs see [28].

It is evident that both interpretations, the subsethood and the embedding, are applicable in IVFSs but not in fuzzy sets. We will
focus on the subsethood concept, as it appears repeatedly in fuzzy set theory. As an example, it has been extensively used for defining
entropy in fuzzy sets (see [2,7,5]). The concept of subsethood can be defined for type-2 fuzzy sets with a similar interpretation as
that of IVFSs. First, let us define what a type-2 fuzzy set is.

Definition 2.10. (Mizumoto and Tanaka [29,30]) A type-2 fuzzy set (T2FS), A, is characterized by a membership function

Hg: X —>M=Map([0,1],[0,1]),

that is, u 4(x) is a type-1 fuzzy set in the interval [0, 1] and also the membership degree of the element x € X in the set A. Therefore,
U, (x)= f, where f,: [0,1] - [0,1].

We denote by T2F S(X) = Map(X,M) the set of all type-2 fuzzy sets on X. Fig. 2 shows an example of a type-2 fuzzy set on the
finite Universe of discourse X = {0, 1,2,3,4} and a membership function y: X — M.

It should be noted that the membership degree of an element x € X in T2FSs is a function f € M that can be perceived as a label
of the variable truth, as originally interpreted by Zadeh in [14,15]. Furthermore, these labels are usually normal and convex, that is,
sup{f(x) : x€[0,1]} =1 and for any x < y < z it holds that f(y) > f(x) A f(z), respectively. In this work we only consider this type
of labels, and we denote the set of all such labels by:

L={f€M: fnormal and convex}. €8]

The reason to impose such restriction is that in £ we are able to define an order C such that (£,C) is a complete lattice. In order
to gain a deeper understanding of the structure of this lattice, it is necessary to provide some preliminary concepts and definitions.
Let us begin by introducing some auxiliary functions, outlining their properties and illustrating their significance.

4
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Fig. 3. Example of f and fR.

Fig. 4. Example where f C g.

Definition 2.11. (Walker and Walker [31]) Let f € [0, 11191, we define 7L, fR [0, 111! as follows:
FE@ =sup{f(y) 1 y<x}, fRx)=sup{f():y=x}.

Note that, f© and fR are monotonically increasing and decreasing, respectively. Moreover, f < fL, f < fR, (f1)L = fL and
(fR)R = fR, for all f €M, where < is the usual order in the set of functions (that is, f < g if and only if f(x) < g(x), Vx € [0, 1]).
An example of both fL and fR is shown in Fig. 3. The following characterization of the partial order C on £ in terms of fL and fR
was given in [32] (see Fig. 4).

Theorem 2.12. (Harding et al. [32]) Let f,g € L. Then, f C g if and only if g < f* and fR < gR.

For the sake of simplicity, we will utilise this characterisation as our definition. See [32,31], for more information about the
properties and definition of this order.

The next definitions of functions in £ play an important role in the subsequent discussion. Indeed, the greatest and smallest
elements in (£,C) are functions satisfying Definition 2.13.

Definition 2.13. (Walker and Walker [31]) Let a € X. The characteristic function of a is @: X — [0, 1], where
B 1 ifx=a
a(x) =
0 ifx#a.
Definition 2.14. (Walker and Walker [31]) Let [a, b] C [0, 1]. The characteristic function of [a, b] is [a, b] : [0,1] = [0, 1], where

R 1 ifx €[a,b]
JBl(x) =
[a. 1<) {0 if x & [a, b].

It can be checked in [32,29-31] that (£,C,0, 1) is a complete lattice where 0 is the smallest element and 1 is the greatest element.
Based on this order we have the following operations on L in terms of the minimum (A) and the maximum (V) of two real numbers.

Definition 2.15. ([32], [31]) Let f, g € L. The union operator LI (extended maximum) between f and g is given by

(fugx)=sup{f(»NAgz):yvz=x}

The intersection operator I (extended minimum) between f and g is given by

5
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(fng)x)=sup{f(y)Ag(z): yAz=x}.

The complementary of f, denoted by —f, is given by
N =sup{f(y) : 1 -y=x}=f(1-x).

Remark 2.16. As stated in [31], for the given order C in £ we have the next properties:

- fug=gifandonlyif fCg,
« fng=fifandonlyif fCg,

and thus:

-+ fn0=0and fUO=f.
« fnl=fand ful=1.

With the previous operators in £ we can define the next operations on £X = Map(X, L) between T2FSs.

Definition 2.17. Given A, B € £X. The union between .4 and 3, denoted by .4 LI B3, is given by:

Haus(X) =p () U pp(x), VxeX.
The intersection between A and /3, denoted by .4 M B, is given by:

Uanp(X) =pu ()N up(x), VxeX.

The complementary set of A, denoted by A€, is given by:

Hpe(x) =" (x), Vx€EX.

Finally note that any (type-1) fuzzy set can also be defined as an IVFSs. Clearly, any membership function x: X — [0, 1] corre-
sponds to a membership function:

o. X - I([0,1])

x e [pu(x), u(x)]

Analogously, any IVFS can also be defined as a T2FS. Indeed, any membership function o : X — I([0, 1]) corresponds to a membership
function:

. X—>LCM

x b o(x)

Therefore, we can state that T2FS extend IVFS, and IVFS extend FS (and obviously, T2FS extend FS). Note also that for any two
intervals [a;, b; ], [a,, b,] we have that:

la;.b,1<; [a.b,] if and only if [a,, 5,1 C [ay, b].

Hence, the order C in T2FSs is consistent with <; in IVFSs. This is one of the reasons why we strongly recommend the use of this
order, despite the fact that some authors have been using the usual order in functions with two variables to compare two T2FSs .A
and B:

A < Bif and only if u4(x)(y) < ug(x)(y) for all x € X and for all y € [0, 1].

The papers [33-35] are an example. However, this order does not generalize the lattice order of IVFSs. In fact, not even the element
that is supposed to be the smallest is lower than the one that is supposed to be the largest, since 0 £ 1. In addition, the aforementioned
works cite Mizumoto and Tanaka in [29,30] as the source where this order was first defined. However, the order defined by Mizumoto
and Tanaka is precisely C and not <. Thus, the operators presented in Section 5 are going to measure the subsethood degree of two
T2FSs in relation to the order C. If our goal were to define embedding measures for T2FSs, we would use the < order, since it
generalizes the concept of embedding for IVFSs. Furthermore, if A < 53, the information given by A is more precise than that given
by B. Therefore, previous works devoted to defining subsethood measures, such as [33-36], are actually dealing with embedding
measures.
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3. Cardinality of fuzzy sets, interval-valued fuzzy sets and type-2 fuzzy sets

Cardinality offers a so fuzzy response to the question of the number of elements within a given set X that belong to a particular
fuzzy set. It is greater the more degree of membership each element of X has within the fuzzy set. Consequently, cardinality operators
measure the size of fuzzy sets and provide a way to compare that size. The study of cardinality begins with the definition of the sigma-
count of fuzzy sets in [3]. This first cardinality was used to define entropy in fuzzy sets. As we will see in Section 4, various measures of
cardinality have been employed to define subsethood measures for a number of extensions of fuzzy sets. An axiomatic approach to the
desired characteristics of a cardinality (also referred to as scalar cardinality) can be found in [37]. This text provides a comprehensive
overview of previous approaches and justifies the following definition.

Definition 3.1 ([37]). A function sc : F.S(X) — [0, o) will be called scalar cardinality of FSs if the following properties are satisfied:

1. sc(1/x)=1forall x € X.
2. Forall a,b€[0,1] and x,y € X, if a < b then sc(a/x) < sc(b/y).
3. For all A, B€[0,11%, if Supp(A) N Supp(B) =@ then

sc(AU B) =sc(A) + sc(B).

Remark 3.2. Note that a/x : X — [0, 1] is a fuzzy set such that:

_Ja if y=x,
(a/x)(y)—{0 iy x

and that Supp(A) = {x € X | u,(x)>0}.
The following result gives a characterization for the scalar cardinality and a method to build specific examples.

Theorem 3.3 ([37]). A mapping sc : FS(X) — [0, ) is a scalar cardinality of FSs if and only if there exists a monotonically increasing
function f :[0,1] - [0,1] with f(0) =0 and f(1) =1 such that:

se(A) =Y fua()

xeX

for each fuzzy set A.

Example 3.4. The sigma-count |A| = Z 4 (x) of a fuzzy set A is a scalar cardinality.
xeX

Deschrijver and Kral extended the definition of scalar cardinality to IVFSs (see [38]). However, they defined them as functions
from IV FS(X) to { [a,b]cRY|0<a< b}. We think it is more suitable to use cardinalities where the image is a positive real number.
Consequently, we prefer the next definition given by Hamrawi and Coupland in [39].

Definition 3.5 ([39]). A function sc : IV FS(X) — [0, c0) will be called scalar cardinality of IVFSs if the following properties are
satisfied:

1. If A is a crisp set then sc(A) = |Supp(A)|.
2. Given A,B € IVFS(X), if A <; B then sc(A) < sc(B).
3. For all A,Be€ IV FS(X), if Supp(A) N Supp(B) =@ then

sc(AUB) =sc(A) + sc(B).

Remark 3.6. Note that an IV F.S A is called crisp if o4 (x) € {[0,0],[1, 1]} for all x € X. We define the support of A as Supp(A) =
{x € X | o5(x)#10,01}.

In [8], Vlachos and Sergiadis proposed the following cardinality for an IVFS A:

Lp(x)+ Uy (x)

Al = _ 2

NEDY 5 @
xeX

This represents the sum of the centroids of all intervals in the image of A, and thus the cardinality can be defined as the average

membership degree of each interval. This definition for cardinality is consistent with all the axioms set out in Definition 3.5. However,

in a more general approach, the cardinality in IVFSs may be defined using a parameter a, with 0 < a < 1, as follows:

7
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Al = D (@Ly(x) + (1 = Uy (x). 3)

xeX

It is easy to check that these new operators also fulfill the conditions in Definition 3.5.

Additionally, Hamrawi and Coupland presented a set of axioms for the cardinality of general type-2 fuzzy sets. Nevertheless,
they defined the subsethood between two type-2 fuzzy sets by making use of a-plane representations. The following set of axioms is
presented in the context of normal and convex functions from a novel perspective.

Definition 3.7. A function sc : £X — [0, c0) will be called scalar cardinality of T2FSs if for all A, B € £L¥, the following properties
are satisfied:

Cl. If A is a crisp set (that is y 4(x) € {6 } for all x € X) then

1
se(A) = | Supp(A)| where Supp(A) = {x X | u ) # 6}.
C2. If AC B then sc(A) < sc(B).
C3. If Supp(A) N Supp(B) = @ then:

sc(A U B) = sc(A) + sc(B).

In order to provide some cardinalities for T2FSs we propose then the following extension of membership degree in IVFSs (that is,
an interval with lower and upper membership degrees) to a membership degree in T2FSs. Thus, while in IVFSs we use the endpoints
of the interval [ L, (x), U, (x)], we proposed in [40] to modify these endpoints in order to identify the membership degree in T2FS as
follows (see Fig. 5):

1 1
[LAx), U (x)]— |1 - / HACNED) dy, / (AR dy|.
0 0

In IVFSs, we defined the cardinality of a set using a convex combination of the endpoints of the intervals, which determines
the degree to which each interval contributes to the cardinality (see expression (3)). The same approach can be applied to define
the cardinality of a T2FSs as follows. Let .A be any type-2 fuzzy set on a finite universe X with |X| = N and normal and convex
membership degrees.

Definition 3.8. For each a € [0, 1], we define the operator |- |, : £X 5[0, 0) as:
1 1
IAI{,=Z a 1—/(MA(x,-))L(y)dy + —a)/(MA(xi))R(y)dy . 4
' 0 0

The next result proves that the previous operators are actual cardinalities.
Theorem 3.9. The operator | - |, : £LX — [0, c0) given by (4) is a scalar cardinality in T2FSs.

Proof. Cl. If A is a crisp set, either u 4(x) = 0or Hp(x) = 1. Therefore:

Supp(A) = {xeX | uA(x):T}.

Note also that:
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1

1
I —/BL(ywy +a —a)/6R<y)dy=o ®)
0

0

R

and
1

—L 1—R
1—/1 (»dy +(1—a)/1 (y»dy=1.
0

0

5

Now:

xeSupp(A)

1 1
A= Y, |ef1- / (A CN Wy [+ —a) / (ACNR)dy
0 0

1 1
+ > |ef1- / (G dy |+ (1 =) / (DR dy
0 0

x&Supp(A)

= Y 1=|Supp(A)l.
xeSupp(A)

C2. If A C B we have that (uz())F () < ()L and (4 ))RB) < (up(x))R(y) for all x € X and y € [0, 1]. Therefore:

1 1
1- / WA dy<1- / (up(x)* () dy and
0 0

1 1
/ ()R dy < / (upx)R(y dy
0 0

Hence by expression (4), |A|, < |Bl,-

C3. If Supp(A) N Supp(B) =@, for each x € X there are three possibilities: u 4(x) # 0 and up(x) = 6, H(x) = 0 and up(x) # 6, or
HA(x) = pp(x)= 0. Therefore, from Remark 2.16 we have for x € Supp(A) that p 4 (x) U ug(x) = u 4(x), for x € Supp(3) we have
() U pp(x) = up(x) and for x & Supp(A) U Supp(3) we have u 4 (x) U piz(x) = 0. Hence, by expression (5):

1 1
lAuBl, = Y |a]l- / (A W dy |+ —a) / (AR dy
x€Supp(A) 0 0
1 1
+ af1- / (g dy|+ (1 -a) / (upx))R(y)dy
x€Supp(B) 0 0
=|Al,+8l,. O

4. Subsethood in fuzzy and interval-valued fuzzy sets

It is well known that the definition of subsethood for fuzzy sets introduced by Zadeh (see Definition 2.2 in Section 2) is too strong.
Accordingly, it may occur that a fuzzy set A is not a subset of another fuzzy set B just because only one membership degree in A is
greater than in B, that is, u,(x) > ug(x) for a single element x of the universe X.

Instead, Kosko introduced in [2] the degree of subsethood, or fuzzy subsethood, as a measure in fuzzy sets of the degree to which a
fuzzy set A is subset of another fuzzy set B. He proposes as such a measure a normalized sum of violations in the membership degree,
that is, considering magnitude and proportion of these violations as follows.

Definition 4.1. (Kosko [2]) Let A and B be two fuzzy sets. The degree of subsethood to which A is subset of B, denoted by Sk (A, B),
is given by

2 rex Max(0, p (x) = pp(x))
ZXEX luA (X)

Sk(A,B)=1-

Then, Kosko shows the significance of this degree of subsethood and how it is connected with probability and fuzzy entropy. First,
he realizes that the degree of subsethood reduces to cardinadlities, that is,

9
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|An B|
la]

where | A| is the cardinality of a fuzzy set A given by the sigma-count |[A| = Y _y u4(x). Note that, this cardinality is considered only
for finite universes of discourse, otherwise the cardinality is infinite. Therefore, this degree of subsethood is also considered only for
finite universes.

Furthermore, Kosko also realizes that the degree of subsethood behaves as a conditional probability, that is, fuzzy conditioning.
Indeed, Zadeh defined in [41] the probability of a fuzzy set A as follows:

Sk(A,B)= (6)

P(A)= Y ua(x)p(x),

xeX

where p(x) is a probability distribution on a finite universe set X, with | X| = N. Therefore, if we assume the uniform distribution of
elements in the universe X, that is, p(x) = % for all x € X, it holds:

P(ANB) ,
P(A)
Finally, Kosko defines a measure of fuzzy entropy that reduces to fuzzy conditioning, that is, to a subsethood degree measure.

He proposes as an entropy measure of a fuzzy set A, denoted by Ey(A), the degree to which the union set between A and its
complementary fuzzy set A€ is a subset of the intersection set between A and its complementary A€, that is,

Sk(A,B)= P(B|A).

Ex(A)=Sg(AU A, AN A°). 7)

Next, he proves that this is a nonprobabilistic fuzzy entropy since it satisfies the axiomatic properties of entropy proposed by De Luca
and Termini for fuzzy sets (see [3]).
Inspired by Kosko’s work, Young considered in [5] the following axiomatic properties for a measure of subsethood degree.

Definition 4.2. (Young [5]) Let A and B be two fuzzy sets. A measure of subsethood degree for fuzzy sets, denoted by S(A, B), is a
mapping S : FS(X)X FS(X)— [0, 1] that satisfies the following properties:

S1. S(A,B) =1 if and only if A C B.
S2. If P C A, then S(A, A°) =0 if and only if A= X, being up(x) = % for all x € X.
S3. If BC A, C A,, then S(A,, B) < S(A,, B), and if B, C B,, then S(A, B|) < S(4, B,).!

Later, Young proved that any measure of subsethood degree, S(A, B), that satisfies these axioms provides a measure of fuzzy
entropy according to the definition of entropy by Kosko in equation (7), that is, S(A U A¢, AN A¢) is a fuzzy entropy.

Later, Vlachos and Sergiadis in [8] extended the definition of subsethood degree to IVFS. Similarly to Kosko, Vlachos and Sergiadis
considered a normalized sum of violations in the membership degree but for the subsethood of IVFSs. They made use of the order
and subsethood relations described in Definitions 2.5 and 2.7, respectively. Accordingly, A is a subset of B if and only if for the lower
membership degrees it holds L, < Ly and for the upper membership degrees it holds U, < Ug. Thus, the sum of violations in the
lower and upper membership degrees, respectively, are given by:

Y max(0, Ly(x) = Ly(x)), Y, max(0, Uy (x) — Up(x).

xeX xeX

A normalization factor is then er x (La(x) + Uy (x)). Hence, a measure of subsethood degree is:

erx (max(O, La(x)— Lg(x))+max(0,Uy, (x) - UB(x)))

Sy(A,B)=1-
&5 T ex (La() + Up () ©
3 erx (min(LA(x), Lg(x)) + min(U, (x), UB(x)))
Yrex(La(x) +Up(x) '

Vlachos included a factor of one half in both sums such that it reduces to cardinalities as given in equation (2), and therefore
equation (6) also holds for IVFSs. Inspired by Young’s work, Vlachos also proposes a set of axiomatic properties that every fuzzy
subsethood measure in IVFSs must satisfy.

Definition 4.3. (Vlachos and Sergiadis [8]) Let A and B be two interval-valued fuzzy sets. A measure of subsethood degree for IVFS,
denoted by S(A,B), is a mapping S : IV FS(X)X IV FS(X) — [0,1] that satisfies the following properties:

S1. S(A,B)=1if and only if A <; B.
S2. If A¢ <; A, then S(A,A) =0 if and only if py (x)=[1,1],Vx € X.
1 Note that, a slightly modified version of this third axiom was later suggested by Fan, Xie and Pei [42].

10
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S3. If B <; A; <; A,, then S(A,,B) < S(A,,B), and if B, <; B, then S(A,B,) < S(A,B,).

Note that, the second axiom (S2) proposed by Vlachos apparently differs from the one proposed by Young in Definition 4.2.
However, the relation P C A in the sense of Zadeh (that is, for fuzzy sets) is equivalent to A¢ <; A.

Again, Vlachos proves first that S;;,(A,B) given in equation (8) is a measure of fuzzy subsethood in IVFS, and later they also
prove that given a fuzzy subsethood measure satisfying the proposed set of axioms given in Definition 4.3, the expression Ex(A) =
S(AUA‘ ANA) is then a fuzzy entropy measure.

5. Subsethood in type-2 fuzzy sets

This section is devoted to the axiomatic definition of subsethood measures in T2FSs. These new axioms generalize those previously
discussed for FSs and IVFSs in Section 4. We also provide some important examples of functions that fulfill such axioms which is the
main objective of this work.

Definition 5.1. A mapping S : T2F.S(X) X T2F.S(X) — [0, 1] is a subsethood measure in T2FS(X) if it satisfies the following prop-
erties:

S1. S(A,0)=0if A# 0O, being O the empty type-2 fuzzy set, that is, po(x) = Oforall xe X.

S2. S(A,B)=1 if and only if AC B.

S3. If BC C, then S(A,B)<S(A,C).

S4. If AC BCC, then S(C, A) < S(B, A).

S5. Let A C A. Then, S(A,.A°) =0 if and only if A = X, being X the universal type-2 fuzzy set, that is, yy(x) =1 for all x € X.

Remark 5.2. The properties S2-S5 where also given by Takac¢ [10] as the necessary conditions for an operator to be a subsethood
measure for T2FSs. Nevertheless, as previously discussed, he employed a different definition for the subsethood of T2FSs. Moreover,
Takéc did not provide any example of any subsethood measure satisfying the axioms that he defined.

We think it is also reasonable to take into account the boundary condition in S1. This is a consequence of 0 being the smallest
element in L.

Our aim now is to define new subsethood measures in terms of cardinality with a similar perspective as Kosko, Vlachos and
Sergiadis. To this end, we need to introduce a specific kind of cardinality which we call strict cardinality.

Definition 5.3. A function ssc : £X — [0, c0) will be called strict scalar cardinality of T2FSs if it is a scalar cardinality in the sense
of Definition 3.7 and if for all A, B € £¥, the following property is satisfied:

C2’. If AC B then sc(A) < sc(/3) where A C B denotes that ALC B and A # B.

Any strict scalar cardinality can be used to define a subsethood measure in T2FSs satisfying the fuzzy conditioning identified by
Kosko in equation (6) as we will check in Theorem 5.5. However, we need first to introduce some preliminary properties regarding
the meet operator I for T2FSs.

Theorem 5.4. ([32], [31]) Let f,g €L,

(f M) =) ARV (FR0) A g(x)).
From the previous theorem and [31], we can ensure that the operator 1 in T2FSs also verifies the following properties:

(f R =R nghx) = fRx) A gl 9

(Nt =rreongtx = rrevel). (10)

Theorem 5.5. Let ssc : £X — [0, o) be a strict scalar cardinality. The operator S : £X x £X - [0,1] such that:

_ ssc(ANB)
S(A,B)= s ) an

forall A+# O and S(A,B)=1 when A = O, is a subsethood measure.

Proof. Let us show that all the conditions in Definition 5.1 are satisfied by equation (11):

11
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A 4
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| N

o
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Bl

0 1

Fig. 6. Example of two type-2 fuzzy sets, A and 3 with A C B3 and such that |A|, = |B]|, since u, = u; except in one point.

S1. Given A # O, since ocC u 4 (x) for all x € X we have by Remark 2.16 that 4 (x) M0 =0 and M4 (x) uo= 1 4(x). Hence, ANNO =0
and A LU O = A. Moreover, note that Supp(©) = @ and then applying the axiom C1 for scalar cardinality ssc(OQ) = |Supp(©)| = 0.
In addition, since ssc is a strict scalar cardinality it is clear that ssc(A) # 0. Thus:

ssc(ANO) _ ssc(0)
sse(A)  sse(A)
S2. S(A, B)=1if and only if ssc(AMB) = ssc(A). Recall that ssc is strict so it is clear that A1 B = A since AMBLC A (easy to check
taking into account Theorem 2.12 and expressions (9) and (10)). If this was not the case we would be facing a contradiction. As
a consequence and considering also Remark 2.16, ssc(A M B) = ssc(A) if and only if A C B.
S3. If BC C, as in the previous point it is easy to check using Theorem 2.12 and expressions (9) and (10) that AN B LC AMC for any
A. By the monotonicity of ssc:

ssc(ANB) _ ssc(AMNC)
S(A,B)= < =5(A4,0).
(4. 5) ssc(A) ssc(A) 4.0
S4. If AC BC C, ssc(B) < ssc(C) again by the monotonicity of ssc. Additionally, C n.A =.A = B .A using one more time Re-
mark 2.16. Thus:

S(A,0)=

ssc(CMA) _ ssc(A) < ssc(A) _ sse(BMA)
ssc(C) - ssc(C) ~ ssc(B) - ssc(B)
S5. Let A¢ C A or, in other words, A¢ N A = A°. In this situation:
ssc(AMAS)  ssc(A°)
ssc(A)  ssc(A)

if and only if ssc(A¢) =0 = ssc(O). By the strict monotonicity of ssc the previous expressions are equivalent to that of A¢ =
which is the same as A =X. []

S(C,A)= =S5(B,A).

0=S(A, A%) =

The search of strict scalar cardinalities for T2FSs is not an easy task since they must be defined over a set of functions. In fact,
the cardinalities of Definition 3.8 are not strict cardinalities since there exist some A C B such that |A|, = |B],. It should be noted,
however, that the only possibility in this case is that of the functions u 4(x) and ugz(x) differing in a set of measure zero for some
x € X. This is deduced from the following remark.

Remark 5.6. Given two T2FSs A and B with .A C B such that |.A|, = | B|,, we have by definition (u 4 (x))L > (uz(x))t and (uz(x)R >
(MA(X))R. Since A # B, there exist some x € X such that (yA(x))L(y) > (ﬂB(x))L(y) or (ﬂB(x))R(y) > (MA(x))R(y) for some values of
y. Let us suppose that the set of values fulfilling these conditions has non-zero measure and that 0 < a < 1. Therefore:

N 1

1Bly = 1Al =) |« / (AN D) = (upx D () dy
i=1 0

1
+(1—a) / ()R = ()R )) dy|>0,
0

which is a contradiction. Hence, for each x € X, y 4(x) = up(x) except possibly in a set of measure zero since for each convex function
f we have f = fL A fR. An example of this situation can be found in Fig. 6.

The differences between functions in sets of zero measure is not a significant issue when considering the use of integrals to assess
the disparity between such functions. Consequently, we propose the introduction of the following operators as a means of measuring
subsethood. Let A, B € LX be type-2 fuzzy sets on a finite universe X with |X|= N. For each 0 < a < 1, we define .S, as:

12
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|AN B,
| Alg

for all A # O and S,(0O, B) = 1. Using now the properties given in equations (9) and (10), and according to the cardinality defined
in Definition 3.8, we can establish that:

S, (A, B)=

SN o (1= fy sV pls1dy) + (=) f) R ) A ol dy

SN (1= f) ot rdy) + A=) fy R )y

S, (A, B)=

s

where, for readability, p%, (5) = (A (X)) (), #1000 = () 0); PR () = (4 (xR (), and pR (1) = (u(x HR).

As we will show in the next theorem the only axiom of subsethood measure in Definition 5.1 that is not fully satisfied is S2.
Nevertheless, it is possible to ensure a slightly more relaxed condition. One advantage of this proposal is that it satisfies the fuzzy
conditioning identified by Kosko in equation (6).

Theorem 5.7. Given 0 < @ < 1 and X a finite set with | X| = N, the operator S, : LX x £X — [0, 1] such that:

AN B,
[Alg
for all A# 0O and S,(O, B) = 1 satisfies the subsethood measure axioms S1,53-S5 and the condition:

S, (A, B)=

S2’. S(A,B) =1 if and only if A C B except possibly in a set of zero measure.

Proof. First note that .S, is well defined since | A|, # 0 for all A # O. If A # O, there exists x € X such that u 4(x) # 0 and thus there
also exists y, € (0, 1] with p 4 (x)(yy) > 0. In this case (yA(x))R(y) >0 for all y € [0, yy] and by expression (4) we have |.A|, > 0. This
property can be used to prove S1 and S5 in a similar way as for strict cardinalities in Theorem 5.5. Moreover, the proof of S3 and S4
is completely analogous to the one given in the aforementioned theorem. Hence, it only remains to proof S2’.

If A =0, then by definition it holds S, (O, B) =1 and O C B for any B. In any other case, S,(A, B) =1 if and only if:

1 1
al1- / PV ) dy [+ (1 =) / PEAD) A D) dy | = (12)
=1 0 0

1 1

o 1—/p5A(y)dy +<1—a>/p,.’fA<y>dy :
0 0

i=1
Taking into account that for all 1 <i < N:

1 1
a1 [ stovotmar| < o|i- [t may
0 0

and

1 1
(1-a / PR APy < (1—a) / PR dy,
0 0

the only possibility for (12) to hold if 0 < a < 1, is the previous inequalities to be equal. Then, pL(y) < p" ,(y) and pX, (y) < pR(»),
except possibly in a set of measure zero. Thus we have the condition S2’. []

Fig. 7 shows an example of two normal and convex T2FSs for | X | = 1 such that L fails in a set of measure zero but with the same
cardinalities.

Another aspect of .S, that supports its use as a subsethood measure is that it can be seen as the complement of the amount of
violations of the usual type-2 subsethood L. In a similar way as Kosko, Vlachos and Sergiadis did for fuzzy sets and interval-valued
fuzzy sets, given two convex and normal type-2 fuzzy sets .4 and /B we can measure how far are these sets from satisfying .A C BB by
considering the sum of the following integrals:

N 1

1
> /OV (p,f,g(y)—pfA(y)> dy+/0v (ﬂfA(y)—pr(y)) dy
0

i=1 0

13



C. Torres-Blanc, J. Martinez-Mateo, S. Cubillo et al. Fuzzy Sets and Systems 499 (2025) 109174

O -4
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A 4

0 1

Fig. 7. Example of two type-2 fuzzy sets, A and B3 such that | A|, = |B|, = | AN B|, and neither y 4 C py nor pig i 4.

where /01 0v (piLB(y) - piL A(y)) dy and fol 0Ov (piR A - piRB(y)) dy can be interpreted as quantities measuring to what extent
the inequalities pr < pf , and pf < pr are respectively violated. The previous sum can be normalized by Zﬁ - fol pf L+
/01 pI.R A( y)) and thus we obtain the subsethood measure:
1 1
SN (f 0V (phs) = o)) dy+ 3 OV (R, ) = Ry )
1 1
S (1 b @rdy+ Jy oR, 0 dy)

By the properties of V, it is easy to check that § =.5, just by developing the previous expression. By considering .S, with a # 1/2 we
2

SA,B)=1-

are just giving different weights to the violations of the inequalities piLB < piL N and pfz S pl.RB. Consequently, we have a new different
justification for the use of the suggested operators as subsethood measures.

Theorem 5.8. Given 0 < @ < 1 and X a finite set with | X | = N, the operator Ea 1 LX x £X - [0,1] such that:

| Ja (1 -5 pfA(y)foB(y)dy) +(1=a) fy PR, ) A PR dy

SalA,B) = — 1 1 (13)
= a (1= Jy pE,0dy) + A=) [y o ) dy
for all A+# O and Ea((ﬂ, B) =1 satisfies the subsethood measure axioms S1,53-S5 and the condition S2’.
Proof. First note that, the function .S, is well defined for all a < 1 since A # ©.
S1. If A# 0O, then
5 oo ] Noa(l = [y ol dy+ (1 —a) [} oR () dy
a > =37
NS e - f) ok, dn+ 1 -a) [y pR () dy
1 i a(l=1D+(1=a)0 o
=— - : =0.
NT at=fy ok, mdn+U-a) [y ok dy
S2’. If A =0, then by definition it holds Ea((ﬂ, B)=1 and O C B for any B. In any other case, Ea(A, B) =1 if and only if
1 1
al = [y o} DVl dy) + (L =a) [y pR ) AP dy 1 a

a(l = f) oL ) dy + (1 =) [y} pR () dy
for all 1 <i < N since,
1 1
0<a(l - / PEADN Pl dy) + (1 - a) / PR APRs (N dy <
0

0
1

1
L R
a(l—/p,-,A(y)dy)Hl—a)/p,-,A(y)dy
0 0

because forall 1 <i < N:

14
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1 1

0<a 1—/pfA(y)foB(y)dy <a 1—/pfA(y)dy
0 0

and
1 1
Os(l—a)/p,-’fA(y)Apr(y)dy < (1—a)/pfA(y)dy-
0 0

Therefore, the only possibility for (14) to hold is the previous inequalities to be equal. Then, pl.LB(y) < piL 1 (y)and piR A < piRB(y),
except possibly in a set of measure zero.
$3. If BC C, then it holds p-. < pL, and pR, < pR. forall 1 <i < N. Thus,

St i al= [y pE )V ol d) + (=) fy' pR, ) A PRy dy
NG a(l= [ oL () dy) + (1 =) [y pR () dy
L ﬁ’: a(l = [ pE DIV oL ) dy) + (1 =) [y} pR () A pR () dy
NS a1 = [k dy +(1 =) i oR () dy
=5,(A,0).

S4. IfAI;BEC,thenitholdSpl.LCSpiLBSpfA andpszSpiRBSpr forall 1 <i<N.

Let us see that Ea(C ,A) <L Ea(B, A). Applying the previous inequalities,

S.(CA) =~ Noal= [y b dn + (1= fy pR )y
albs N & e _/01 P,-]jc(y)dy)+(l _a)/01 Pfc(y)dy

S B L Noa(l = [y pE 0 dy)+ (=) fy pR (N dy
T N et [ ol mdn+ - [ pR () dy

In these two equalities, numerators are equal, and the first denominator is greater than the second, thus Ea(C ,A) < Ea(B, A).
The only case that has to be considered separately is when B = 9, in such a case, §a (0,A)=1and §a (C,A) <L ga (0, A) trivially.
S5. Let A° C A. Then, p~ L S ok e and pR e S pR '+ Therefore,

E (.A Ac)_ 1 i lZ(l _/(.)1 PfAc(Y)dY)+(1 —(Z)‘/Ol pfAc(y)dy o
oA, NS at- ol odn+A-a) f) ok ()dy

if and only if Vi € {1,..., N} we have /' p-,.(y)dy=1and f; pR,.(»)dy=0. That s, if and only if s (x,) = 0,¥x; € X, if and
only if y 4(x;,)=1,Vx; € X. Thus, A=X. [

6. Conclusions

The principal objective of this study has been to extend the concept of cardinality and subsethood measure to the context of T2FSs.
We have considered the membership degrees (which are fuzzy sets) as labels for the variable truth, as we believe this interpretation is
analogous to Zadeh'’s original definition of T2FSs. In more precise terms, we have proposed novel axiomatic definitions of cardinality
and subsethood measure, based on the order provided by Mizumoto and Tanaka in [29,30] which generalizes the most common
orders for FSs and IVFSs.

Furthermore, we have introduced new operators that can be used as cardinalities and defined specific subsethood measures in
terms of such cardinalities that satisfy a sort of fuzzy conditioning in the sense of Kosko (see [2]). To the best of our knowledge, no
specific subsethood measures in T2FSs have been provided previously. Additionally, we have established a general result showing
that any strict cardinality can be used to define a subsethood measure for T2FSs.
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